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Modeling and Control of Weight-Balanced Timed
Event Graphs in Dioids

Bertrand Cottenceau, Laurent Hardouin, and Jean-Louis Boimond

Abstract—The class of timed event graphs (TEGs) has widely
been studied thanks to an approach known as the theory of max-
plus linear systems. In particular, the modeling of TEGs via formal
power series in a dioid called AM{X[v, 6] has led to input—output
representations on which some model matching control problems
have been solved. Our work attempts to extend the class of sys-
tems for which a similar control synthesis is possible. To this end,
a subclass of timed Petri nets that we call weight-balanced timed
event graphs (WBTEGs) will be first defined. They can model syn-
chronization and delays (WBTEGs contain TEGs) and can also
describe dynamic phenomena such as batching and event dupli-
cations (unbatching). Their behavior is described by rational com-
positions (sum, product and Kleene star) of four elementary opera-
tors ¥, &%, ft,m, and B33 on a dioid of formal power series denoted
E*[6]- The main feature is that the transfer series of WBTEGs
have a property of ultimate periodicity (such as rational series in
MEX[~, 6]). Finally, the existing results on control synthesis for
max-plus linear systems find a natural application in this frame-
work.

Index Terms—Controller synthesis, dioids, discrete-event sys-
tems, formal power series, residuation, weighted timed event
graphs (WTEGs).

I. INTRODUCTION

INCE the beginning of the eighties, it has been known
S that the class of timed event graphs (TEGs) can be studied
thanks to linear models in specific algebraic structures called
dioids (or idempotent semirings) [1], [5], [9], [14], [19]. Among
different representations, a description of TEGs by the means of
operators is possible. By denoting > the semimodule of counter
functions!, one can describe their behavior by combining two
shift operators (see [1, Ch. 5], [5]) denoted, respectively, v :
Y= Yandd: X — X

(ya)(t) = a(t) + 15 (82)(t) = x(t — 1). )

The input-output behavior of a TEG is then described by a
transfer matrix the entries of which are elements of the rational
closure of the set {z, ¢, v, &}, where ¢ (resp. ¢) is the null (resp.
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A counter function » : Z — Z,t — x(t) gives the cumulative number of
occurrences of the event labeled x at date ¢. Such a function plays the role of
signal.

neutral) operator. In other words, the input—output behavior of
any TEG can be written with a finite expression involving these
operators. Moreover, it is shown in [1], [10], and [9] that a ra-
tional expression can be turned into a canonical form which is
ultimately periodic. The algebraic structure for the calculus of
transfer series for TEGs is a dioid called M2¥ [, 8] introduced
in [5]. It is a set of formal series in two variables v and 6 cor-
responding, respectively, to the event-shift operator and to the
time-shift operator given in (1). This modeling has made it pos-
sible to elaborate software tools to compute the transfer matrix
of any TEG in M2*[v, ] [7], [9]. These tools also contribute to
the performance evaluation of discrete event systems since the
ultimate periodicity of a TEG corresponds to its production rate
(number of events by time unit).

Moreover, an input—output model is well suited to address
some model matching control problems such as the ones studied
in [6], [15], [17], and [13]. These control strategies have clearly
been elaborated by analogy with the classical control theory, i.e.,
controllers are computed so that the closed-loop system matches
a given reference model. The role of the controller is to filter the
system input in order to achieve some given performance. When
applied on a manufacturing production system, the controller
obtained with that approach leads to improve the internal flows
of products and to reduce the internal stocks.

The objective of the work presented here is to study the class
of weighted timed event graphs (WTEGs) [18], i.e., TEGs the
arcs of which are valued by positive integers. In comparison
with TEGs, the modeling power is greatly increased since in
addition to synchronisations and delays, WTEGs can describe
batch constitution (several successive input events are neces-
sary to release one output event) and duplication (one input
event releases several output events). These phenomena are
usual in manufacturing systems (batch/unbatch) and cannot be
accurately modeled with ordinary TEGs.

In the literature of discrete event systems, the analysis of
WTEGs is discussed for instance in [2], [18], and also under
an equivalent graphical model called Synchronous Data Flow
graphs (SDF) in [16], [21]. In these works, WTEGs are consid-
ered as modeling tools both for manufacturing systems and for
computation in the field of concurrent applications. The main
concerns are the throughput computation of a given system [8]
and the possibility of elaborating a periodic schedule [2], [18].
Due to the importance of the synchronisation phenomena in
these systems, several papers based on the max-plus theory are
available. In [8], [11], the throughput of a SDF is computed
thanks to a max-plus model. In [4] and [ 12], a class of fluid TEGs
with multipliers (TEGMs) is modeled by formal series in a spe-
cific dioid. The TEGMs can be seen as a continuous approxi-
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mation of the (discrete) WTEGs considered here. Nevertheless,
as mentioned in the conclusion of [4], the fluid behavior can
be arbitrarily far from the discrete one. Therefore, the (discrete)
WTEGs deserve a specific study since they cannot be analysed
with the tools introduced in [4].

The main motivation of our work is to tackle the controller
synthesis for WTEGs. More specifically, we aim to solve some
model matching control problems (such as [6], [13], [17]) for
the class of WTEGs. Let us note that this adaptation of existing
results is not so immediate since all these works rely on an
input—output representation (transfer function) which was not
available yet for WTEGs. In that context, our main contribu-
tion is to provide a description of the input—output behavior of
WTEGs by formal power series the variable of which can be
assimilate to operators. In addition to operators v and ¢ de-
fined in (1), two additional ones denoted 3 and i, are in-
troduced to describe a batch operation (division operator) and
a duplication phenomenon (multiplier operator). The main re-
sult of our paper is to show that for a subclass of WTEGs that
we call weight-balanced timed event graphs (WBTEGs), the
input—output behavior is necessarily described by a rational ex-
pression (with operators ™, 6%, ji,,, and /3y ) that can be turned
into an ultimately periodic form. As for TEGs, periodic phe-
nomena are still a prevailing aspect of the behavior of WBTEGs.
The algebraic structure used to obtain these results is a new dioid
called £*[6] that encompasses dioid M2*[~, 8].

The paper is organized as follows. In Section II, the subclass
of weight-balanced timed event graphs is first defined. Then, the
modeling of WBTEGs thanks to the additive operators 7™, §¢,
tm, and Gy is presented. A new dioid of formal power series
denoted £*[4] is introduced in Section III. The formal series
have a graphical representation that is also given in that section.
The results concerning the ultimate periodicity of WBTEGS’
transfer series are stated in Section IV. This part lies on tech-
nical proofs adapted from the work on the rational calculus in
M?2%[~, 8] introduced in [9], [10]. Finally, the question of con-
trol synthesis for WBTEGs is addressed in Section V after some
reminders on the residuation theory.

II. WEIGHT-BALANCED TIMED EVENT GRAPHS (WBTEGS)

Definitions

Weighted Event Graphs (WEGs) [18] constitute a sub-
class of generalized Petri Nets given by a set of places
P = {p1,....pn} and a set of transitions T = {{1,....¢,}
(see [20] for a survey on Petri nets). An event graph cannot
describe concurrency phenomena, then every place p, € P
is defined between one input transition #; and one output
transition ¢,. The arcs ¢;, — p and pr — t, are oriented
and valued? by strictly positive integers denoted respectively
w;(pr) and w,(pg). A transition without input (resp. output)
place is called a source or input (resp. sink or output) transition.
An initial marking (a set of initial tokens depicted with black
dots) denoted My(py) is associated to each place p, € P. A
given transition %; is said enabled as soon as each input place
1 contains at least w, (p;) tokens. A transition can be fired only

2From a graphical point of view, the valuations are depicted directly on the
arcs.
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if it is enabled. At each firing of a transition, w,(p;) tokens are
removed from each input place p;, and w;(py.) tokens are added
to each output place py.

1) Example 1: For the WEG depicted on Fig. 1, £; (resp. 14)
is an input (resp. output) transition. The initial marking is given
by Mo(pa) = 1, My(ps) = 1 and My(pe) = 2. All arcs are
assumed to be 1-valued except when mentioned, for instance
w;{ps) = 3 and w,(p1) = 2. Transition ¢4 is enabled when
place p4 has two tokens and place p3 has one token. The firing
of transition {5 adds three tokens to place p3.

Definition 1 (Gain of a Path): The gain of an elementary
(oriented) path t; — pr — t, is defined as I'(¢;, px, o) =
wi(pr) /wo(pr) € Q. For a general path 7 passing through sev-
eral places, the gain corresponds to the product of elementary
paths, i.e., I'(7) = [, cr wilp;)/wo(p;).

Definition 2 (Neutral and Weight-Balanced Event Graph): A
WEQG is said neutral if all its circuits have a gain of 1. A WEG
is said weight-balanced if ¥t;,t; € T, all the paths from ¢; to
1; have the same gain (gains are balanced for parallel paths).
Therefore, a weight-balanced event graph is necessarily neutral.

A holding time denoted A(p;,) € N can be associated to each
place pi. € P ofa WEG. Each token entering in a place p. has to
wait A(p;,) time units before contributing to enable the output
transition. A WEG with holding times is called a weighted timed
event graph (WTEGQG). Hereafter, we will only consider weight-
balanced timed event graphs (in short WBTEGs).

Definition 3 (Earliest Functioning): The earliest functioning
of a WTEG consists in firing transitions as soon as they are
enabled, except for input transitions that are fired in accordance
with input trajectories.

2) Example 2: For the WTEG depicted on Fig. 1, holding
times are attached to places: A(p1) = 2, A(pg) = 1, A(ps) =
1, and A(ps) = 2. This is a Weight-Balanced TEG since it is
neutral and all the parallel paths from #; to £4 are balanced (they
have the same gain equal to 3/2). For instance, I'(#1, p1.t2) =
1/2 and T'(¢1, p2, t3) = 3. The input—output gain of 3/2 rep-
resents the fact that the average functioning of the system pro-
duces three output events for each two input events.

A. Algebra of Additive Operators

A dioid [1, Ch. 4] (or idempotent semiring) is an algebraic
structure with two inner operations, a sum and a product. The
sum is commutative, associative and idempotent (¢ & ¢ = a)
and the product is associative and distributive over the sum. The
neutral elements of these operations are usually denoted ¢ for
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the sum, and e for the product. Since the sum is idempotent, a
natural order can be associated to a dioid:

a>b <<= a=adb. 2)
When the sum of any finite or infinite subset of a dioid is defined,
and the product distributes over infinite sums, the dioid is said
complete. A complete dioid is a partially ordered set (poset) with
a complete lattice structure: the infimum operator is defined as
anb=@P{zlr ®a =aandz ® b = b}. On a dioid, since
the order is partial, two elements ¢ and b may be incomparable:
a # band b £ a, which is denoted by al|b.

For WBTEGs modeling, a counter function z; : Z — Z U
{+oc} is associated to each transition #;: z;(7) gives the cu-
mulative number of events #; at date 7. A counter function is
naturally non-decreasing: 7, < 7, = x(7,) < x(73). The set of
counter functions denoted X has a semimodule structure for the
internal operation €& = min and for the scalar operation defined
by A.z(#) = z(t) + A. An operator isamap H : ¥ — ¥ which
is said linear if Vo,y € ¥, a) H(z @ y) = H(z) @ H(y) and
b) H(A.z) = A H(x). An operator is said additive if only a) is
satisfied.

Definition 4 (Dioid O of Additive Operators [19]): The set
of additive operators on X, with the operations defined below,
is a non commutative complete dioid denoted O: = € 3,
VHi, Ho € O

Hy @ Hy 2V, (M) © Ha)(z) = min(Hy(z), Ha(x))
Hl o Hz éVZL‘, (Hl o 'Hg)(m) = Hl(Hz(’l‘))

The null operator (neutral for ¢ and absorbing for ) is denoted
e : Ve € X, (ex)(t) = 400 and the unit operator (neutral for o)
is denoted e : V& € X, (ex)(t) = «(t).

For the sequel, we will simply denote Hax (instead of H(x))
the image of the counter © € X by the additive operator H &€
O, and we will also often omit symbol o for the product of O,
HiHs = Hi o Ha. Two additive operators H1, Ho € O are
equal if Vo € 3, Hix = Haz.

Definition 5 (Elementary Operators in WBTEGs): The
dynamical phenomena arising in WBTEGs can be described
thanks to the next additive operators in O: let x € > be a
counter

TEL S Vx, (

vely Vo, (v z(t

be N Gy Vo, (Bx)(t) = |2
m € N* fiy, Vo, (pmae

where |a] is the greatest integer less than or equal to @ € Q.
We can remark that the unit operator e has various expres-
sions: e = A4 = 6% = 4y = f.
Proposition 1: The next formal identities can be stated

n,+n/

’Yn'}/n/ = : 615615' — 5t+t/ (3)

’Y" ® ,yn,/ — ,ymin(n,n’); st ® 5t' — 6max(t,t') (4)

,),151 = 61’7/1; Nm(sl = 61,“771; ﬂbél = 61,61) (5)
Mm’,yn _ ,,menum; 'Vnﬂb _ ,Bb’YnXb~ (6)

Proof: For all counter z € 3 we have (3): V¢, (x(t) +
nY+n=z()+ (0 +n)andz(r —t —¢) = z(r — ¢+ 1')).
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Equation (4): V¢, min(xz () +n, z(t)+n’) = z(t)+ min(n, n').
Since Vi, z(t) > x(t — 1), then min(x(r — #),z(r — ¥')) =
x(r — max(¢,1')). Equation (5): immediate equation (6): m X
(z(t)y+n)=mxz@t)+mxnand |z(f)/b] +n = [(=(t) +
n x b)/b]. |
Definition 6 (Kleene Star): The Kleene star of an operator is
defined by: VH € O, H* = P,cyH =c @ HOH> @ ...
with H" = Ho...oH (n times).
Theorem 1: On a complete dioid D, the implicit equation
x = ax & b has x = a*b as least solution.
Proof: see [1, Th. 4.75] |
Theorem 2: For all operator H € O, the next equalities are
satisfied: H = H(6 1)* = (6 1)*H = (v1)*H = H(y1)*.
Proof: Since a counter function x is monotone, then
Vt,z(t + 1) > z(t) <= & 'z = z. For the same reason,
Vi, x(t)+ 1 > 2(t) <= ~z = x. Therefore, V2 € ¥, VH €
O, H(v' Yz =Hr = (V) He = H(E Dz = (6 1) *He. R
Theorem 3: On a complete dioid D, with a,b € D, k € N*,
one has

(a ®b)* = a”(ba™)* @)

(ab*)" = e D ala ® b)” ®)

at = (" (esan.. . ad) (9

if D is commutative (a $ b)* = a™b". (10)

Proof: These results can be found in [9, Prop. 4.1.6] and
in[1, Sec. 4.8] |
Definition 7 (Redundancy): Let us consider an expression
w=01D02D... Doy, witho; € O. Aterm o; is said redundant
forw ifw = @ 0; = P{0ilo; # 0;}. Inother words, removing
o; does not change the expression 7.
1) Example 3: In the following expression v162 & 36 &
~*§3, operator v36' is redundant. Indeed, by applying (4),
,}/152 — ’7162 @ ,}/352 ) ’73(51 — ’)’3(51 =< ’}/162.

B. Modeling of WBTEGs

The WBTEGS are analyzed here with the earliest functioning
rule (see Def. 3). We can model a path of a WBTEG by a product
of operators in O, the synchronization of parallel paths by a
sum ), and the circuits by the Kleene star of operators. Each
elementary path ¢, — pi. — #; of a WBTEG, where Mo(pr) is
the initial marking of place py and 7 = A(py,) its holding time,
can be described by the relation

. Mo (ps
Ty = ﬂwn(pk)r\/ D(pk).“'wl(p;C

)(S.T.'I,’i (1 1)
where z; (resp. ;) is the counter function associated to transi-
tion ¢; (resp. £;).

1) Example 4 (WBTEG of Fig. 1): For the WBTEG depicted

in Fig. 1 and for the earliest functioning, we have

xa(t) = min([@],xz(t -2)+1)
z3(t) = min(z(t) X 3, 23(t — 1) + 2).

Therefore, the counter functions are linked by x5 = #2622, @
~16%25 and thanks to Theorem 1, o = (y162)*326%x;. Sim-
ilarly, #3 = (+v261)*p3x1. Finally, the counter function as-
sociated to the output transition is 24 = 325 ® foytétas =
(p3(v16%)*3262 @ Boy 61 (v261)*us)x1. The input—output be-
havior (or transfer function) of the WBTEG is described by the
rational expression g3 (v 62)* 8262 @ Boy 61 (7261)* s in O.
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Theorem 4 (Transfer Matrix of a WBTEG): The be-
havior of a WBTEG is described by a matrix the elements
of which belong to the rational closure of the set of opera-
tors Orrp = {e,e,9 6% pa... . g, Bay ... O} where
B = max; w,(p;) and M = max; w;(p;) with p; € P.

Proof: For each place p; an operator Fyv" 8 [see
(11)] is associated. Therefore, the different graph compositions
(parallel, serial, feedback) are expressed by operations in
{6, 0,+}. Since a WBTEG is a finite graph, the rationality is
straightforward. ]

IIT. GRAPHICAL REPRESENTATIONS OF OPERATORS

According to (5) in Prop. 1, operator §' can commute
with any simple or composed event operator. For instance,
8118213806 = y'paBeb* = 6*y'usfBe. Hence, in every
finite composition (product) of elementary operators in
{(5t,'y“,u,,,,,[3b}, the time-shift operator can be factorized.
That is why operations can be evaluated separately, on the one
hand on event operators and on the other hand on time-shift
operators.

A. Bi-Dimensional Graphical Representation of E-Operators

1) Event Operators: The set of operators generated by sum
and composition of operators in v", u,, and 3 has a dioid
structure.

Definition 8 (Dioid £): We denote by £ (for event) the dioid
of operators obtained by sums and compositions of operators in
{z,e,%™, tim, Bp}, withn € Z, and m.,b € N*. The elements
of & are called E-operators hereafter.

Dioid £ is a complete subdioid of O (additive operators).
Since operation o is not commutative on &, checking the
equality of two E-operators is not immediate. Nevertheless, the
comparison of E-operators is possible thanks to an associate
map called counter-to-counter (C/C) function. Since an E-oper-
ator w € & induces modifications only on the event numbering
(no time shift), its instantaneous behavior is described by a
function denoted F : Z — Z.

Definition 9 (C/C Function F): For a given E-operator w in
&, we denote by F,, : Z — Z.k; — k, the mapping which
maps its input counter value k; to its output counter value k.
F. is obtained by replacing x(t) by k; in the counter equation
(wz)(t) where x € ¥.

2) Example 5: For instance (B2y pzz)(t) = [(3 x x(t) +
1)/2]. By replacing z(t) € Z by a value k; € Z, we obtain
Fayyips (ki) = (3 x ki) + 1)/2] (see Fig. 2). For operator
Boy' i3, if k; input events have occurred at a given date ¢, then
ko = |(3 x k;) + 1)/2] output events have occurred at date £.

The C/C function F,, gives an unambiguous representation
of E-operator « and leads to a natural bi-dimensional graphical
representation in Z2. On the graphical representation, the axis
are labeled by I-count (input count) and O-count (output count).

Due to the non commutativity of product in O, checking
the formal identity of operators is not immediate. Nevertheless,
when restricted to operators in £, the equality can be checked
thanks to the C/C function

wi,wa € E w1 =wy = Fu, = Fuy-

(12)

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 59, NO. 5, MAY 2014

A A
( N J o0 ®
St—00 3 o
[ N J L ] L ]
:: o ©
> — 00— ————>
o OE- I-count 5 .E I-count 5
(o] Q
< g
o ©)
(a) (b)
Fig. 2. (a) On the left, 7, 5, .1 (black dots) and F~2us B> (white dots). (b)
On the right, 74 1, (gray dots) and F 340,41 (black dots).

G O

Fig. 3. Input-output equivalence: pr3 325 O 23 3s = Foytprs.

Moreover, we have an isomorphism between £ and the set of
C/C functions

Fooy s = Min(Fy,, . Fopo) and Fopyoms = Fapy © Fro. (13)
In other words, the calculus on C/C functions is an alternative
to the formal calculus on £.

3) Example 6: Thanks to (12) and (13), we can check
the equality p3827 @ V2usfs = Bay'us, even if Prop. 1
does not give all the formal equalities necessary to obtain that
result. On the right-hand side of Fig. 2, Fp,.1,,, is depicted
with gray dots, and on the left-hand side, 7, ,~1 is depicted
with black dots and F,2,,3, with white dots. Obviously,
Fayips = min(F, 3,41, Fy2,,5,). When translated into
a WBTEG model, the previous identity means that the two
WBTEGs depicted in Fig. 3 are equivalent from an input—output
point of view: the same input sequence will produce the same
output sequence.

4) Graphical Considerations: The relation on E-operators
can be viewed from a geometrical point of view.

Partial Order on £: thanks to (2), the comparison in £ is
interpreted as follows:

W) X Wy = w1 D wy = wo
= min(Fu,, Fu,) = Fu,
— fuq 2 fu,'2~

In Fig. 2, the gray zone corresponds to the domain of E-op-
erators less than w according to the order (2). For instance,
we can see on the right-hand side of Fig. 2 that F.s,, 4,1 >
F 4,1 i3 » Which corresponds to V2 3Pyt =< Baytps. The right
side of Fig. 2 shows that operator (357! 23 dominates? operator
7213321 . From a practical point of view, if these two operators
are synchronized, the behavior of operator 3v! 13 is dominant.

3The domination designation comes from [5].
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Left and Right Product by v": For w € &, the left and the
right product by ™ are graphically described by shifts in Z?,
say

Fouy <= F, shifted by n units to the top in Z*(T)
Fun <= F, shifted by n units to the left in Z*(+).

B. Periodic E-Operators

Definition 10 (Periodic E-Operator): An E-operator w € £
is said (n, n’)-periodic, or simply periodic, if 7, satisfies Vk; €
Z,F(k; + n) = Fo (ki) +n'.

Clearly, v™, ttm , Op are periodic E-operators since

.7:7m (O) = TL.,.FWML(]{T»L' + 1) = f»ﬂ,”(k}z) -I— 1
.'FH"”(()) = ()5flln (kl =+ 1) = FP« (kz) +m

1 G

.7'7% (0 <k < b) = O,f[jb (ki + b) = ]:ﬁb (A,L) + 1.

~™ is (1, 1)-periodic, jis, is (1, m)-periodic and 3 is (b, 1)-pe-
riodic. The set of periodic E-operators is denoted &

Definition 11 (Gain of w € Epey): Let w € &, be
a (k,k")-periodic E-operator. The gain of w is defined as
T'(w) = k' /k. 1t is the average slope of F,,. An E-operator is
said conservative if I'(w) = 1.

Proposition 2: Let w1, wy € &y, be two periodic E-opera-
tors. We have

wiws € 5per and F(’wl’wg) = F(wl) X F(’wg)
ifI'(wy1) = I'(we) then wy @ wy € Eper
if F(wl) = F(’wg) then wi A wo € EPET.

Proof: Since wy and wo are periodic then F, (k; + k1) =
Fuy (ki) + K and Fo, (ki + k2) = Fun (ki) + K. Hence,
.sz (kz + k1 ]412) = -7:w2 (]{L)—l—kl]{'é and f—wl (.sz (lﬁ?i—f—kl ]1/2)) =
‘le (sz (l“t) + klk/Z): ‘le (fwz (k’l)) + kiké = ‘lewz (]’JL) +
k| k4. Therefore, operator wyws is a periodic operator the gain
of which is (k] k5)/(k1k2). For the sum of operators with the
same gain, both operators can be written with the same peri-
odicity: Fo, (ki + kiks) = Fu, (ki) + k1k2 and Fo, (k; +
ki1ko) = Fuo, (ki) + khky with B ks = kq k) since T'(wy) =
T'(aw2). Hence, min(F,,, Fu,) is also periodic. By symmetry,
the max (A) of two periodic E-operators with the same gain is

also periodic. ]
Proposition 3: The E-operators arising in WBTEGs are
periodic.

Proof: Due to the definition of WBTEGs (see Def. 2), the
parallel paths have the same gain. Thanks to Prop. 2, the pe-
riodicity of E-operators is therefore kept by the serial and the
parallel compositions of WBTEGs. ]

A periodic E-operator w € &,., can be handled by the
means of a finite representation, which will make a finite data
description adapted to a software implementation possible.
A (k,k)-periodic E-operator can be represented by a pair
(k, k) € N*? describing the gain I'(w) = &' /k and the values
of Fy,(k;) for one period k; € {0,...,k — 1}. The canonical
form of a periodic E-operator is strongly linked to the possi-
bility of describing a periodic C/C function with a canonical
form. First, it is clear that a (k, k’)-periodic C/C function F,, is
also (nk, nk’)-periodic, for n € N*. Conversely, a (%, k')-pe-
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riodic C/C function F,, may have a shorter periodicity if there
exists n' € N such that Vk;, 7, (k; + k/n') = E'/n’. All the
periodicities of a given E-operator are therefore totally ordered.

Definition 12 (Least Periodicity): The periodicity of a
periodic operator is defined as the least pair (k, &) such that
Vki,f'w(k,; + ]ﬂ) = ]ﬁ/.

Remark 1: For a given representation of a (k,%')-pe-
riodic operator w € &pep, finding the least periodicity
amounts to finding the greatest integer n such that w is
also (k/n. k' /n)-periodic.

The canonical decomposition of an operator w € &, is
based on a sum of specific E-operators defined hereafter.

Definition 13 (V Operator): Let us denote by V,,; and
V., the next composed E-operators V., Mo 5 and
Vi 2 nfn.

Let us note that V,,, |, is (b, m)-periodic and that it is graph-
ically represented by a staircase C/C function: v, (ki) =
m|ki/bl,say Fv, (0 <k <b-1)=0,and Fy,, ,(k;+b) =
F<,.,(ki) + m. For instance in Fig. 2, operator F sy, 1,
which is (2, 3)-periodic, is depicted on the right-hand side with
black dots.

Proposition 4 (Canonical Form of w € Ege,): A periodic
E-operator w has a canonical form which is a finite sum given
by w = @j\;l YV | 47" without redundant terms and such
that 0 < nf < &.

Proof: First, F,, is written with its least periodicity
(see Def. 12). This form is a canonical (b, m)-periodic form
of Fu. Then, F, can be expressed as the minimum of b
functions F,, = min(Sy,...,Sy_1) where function S; is a
(b, m)-periodic function given by S;(0 < j < i) = Fu(4)
and S;(i < j < b—1) = Fu(i) + m. Each function
S, is a staircase (b, m)-periodic function which is also the
C/C function of an operator fy”Vm“,fy”/, more specifically
S, = .’F‘,)/}",,,/.(z)vm‘bw,b—L—i. Finally, the canonical form of w
is obtained by summing @i:& yFu ('i)Vm‘b'yb’l"i and by
removing all the redundant E-operators from that expression,
if any. At the end, w is expressed by a sum of incomparable
E-operators which is unique since the considered representation
of F,, is canonical. |

1) Example 7: Let us consider operator o' p3 the C/C
function of which is Fg,41,, (ki) = |(3k; + 1)/2]. This
(2,3)-periodic function is such that Fg,.1,,(0) = 0 and
Fsvips (1) = 2. Therefore, the canonical form of Boytps is
YOVa27! & 121", or simply Vyoy' & 42V since 40
is the unit operator (see Fig. 2). As a second example, let us
consider the E-operator B4415. We have Fp, ., (ki) = |3k;/4]
which is (4, 3)-periodic. Then, by expressing the values of the
C/C function for one period we obtain: Fj, ., (0 < k; < 1) =0,
Foaus(2) = 1 and Fg,,,(3) = 2. Hence, we have
Baps = 'Viu7® & Vs & 7' Vit @ 47V’
In this expression 70V3‘4'y3 is redundant since v* < 2 =
70V3|4W3 = 70V3‘472. Finally, the canonical form of 344 is
V3\4’VQ D ’Ylvs\zﬂ’l S ’Y2V3\4-

C. Dioid £*[6]

The previous subsection shows that E-operators generated
by WBTEGs are periodic and have a canonical form. Since
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Fig. 4. Graphical representation of 313327161 (on the left) and 327 p236* (on the right).

time-shift operator 67 can commute with all the E-operators (see
Prop. 1), then the operators generated by WBTEGs can be de-
scribed by the means of formal power series in one variable §
denoted p Wi &% where coefficients w; are taken in Eper and
the exponents are in Z.

Theorem 5 ([1]): The set of formal power series in variable
z with exponents in Z and coefficients in a complete dioid D is
a complete dioid denoted D[z].

Theorem 6 ([1]): The quotient of a dioid (D, @, ®) by an
equivalence relation R compatible with $ and ® is a dioid de-
noted D5 .

Definition 14 (Dioid £*[6]): We denote by £[6] the complete
dioid of formal power series in one variable 6 with exponents
in Z and coefficients in the non commutative complete dioid £.
We denote by £*[4] the quotient £[6] ,=- where the equivalence
relation considered is defined as: s, s, € £[8]

S0 =" 5 = 5,(6 D =s(6 1. (14)

A series s € £[6] is written s = @, s(1)6" with s(t) € £.
For two series s1, 52 € £*[6]:

$1@ 52 = €D (51(t) @ 52(1)) 6"

tez
51 @ 82 = @ ( @ s1(7)o .92(7’)) 5t
teZ \T+1'=t

Adding the quotient structure by (14) allows us to assimilate
the variable & in dioid £*[6] to the time-shift operator 6! : 3> —
3, 2(t) — x(¢t—1) in dioid O. Therefore, all the identities given
in Prop. 1 hold in £*[4]. Dioid £*[4] is the algebraic structure
the best adapted to handle operators given in Def. 5.

The series of £*[4] have a graphical representation which
consists in describing each monomial s(¢)8" in Z3, where coef-
ficient s(¢) € £ is described by its C/C function in a I-count x
O-count plane which is located at value ¢ along the T-shift axis.
To improve the readability, the three-dimensional representation
has been truncated to the positive values.

Thanks to equalities in Prop. 1, let us note that for wy,ws €
Eper and 11,15 € Z, we have

w16 < wyd™? == w; < ws andt; < ty.

(15)

Therefore, a monomial a = w, 6" in £, [6] dominates all the
monomials wé? such that w < w, and # < %,. For each mono-
mial, the subspace of Z? which corresponds to the dominated
operators is depicted as a gray shadow.

1) Example 8: In order to give a graphical interpretation of
the partial order in £*[6], the representation of 3 1335y 6* and
Bov' 1136* have been juxtaposed in Fig. 4. Each monomial is
depicted as well as the gray shadow corresponding to the do-
main of dominated monomials. Since v 3 Bay! < Boy' s (see
Fig. 2) and §' =< &%, then Y33 fay' 6! < PBoy'uszé*. From a
graphical point of view, if the representations of v3 3521 6!
and F2v' 1136* are merged into the same picture, the shadow of
Boy' 136* clearly hides the representation of 3 1382y 61,

Remark 2 (Simplifications): By representing each monomial
of aseries s € £, [6] with its gray shadow in Z?, the graphical
representation naturally hides the redundant monomials of the
series. It is the geometrical interpretation of the simplifications
that can be done in £*[4]. Let us note that the gray shadow of
monomials in £*[§] is the natural extension in Z* of the south-

east cones used to describe monomials in M#* [, 6] (see [5]).

mn

D. Polynomials in &},,.[6]

Due to the specific structure of WBTEGs, we do not consider
the whole set of series of £*[4] but only the series the coeffi-
cients of which are periodic E-operators. This subset is denoted
&,.15].

Definition 15 (Balanced Series in £,,,.[6]): A series s =
@ s(t)o" € &, [0] is said balanced if all its coefficients s(t) €
Eper have the same gain. The gain of s is denoted I'(s) and
corresponds to the gain of all its coefficients. A balanced series
is said conservative if T'(s) = 1.

The series that can be described by finite sums @iT:l s(t;)6
are called polynomials.

Proposition 5 (Canonical Form of Balanced Polynomials):
Letp = @, , w;6" be a balanced polynomial of &y [0]. The

. . . . N !
canonical form of p is the unique expression p = P, w) 6"
such that w;- are in the canonical form of Prop. 4 and coefficients

and exponents are strictly ordered, that is to say

(16)

Proof: This form is obtained by sorting monomials ac-
cording to the exponents of 4. Then, each coefficient is modified
as follows w3 = @INZ ; wi. Finally, if#; < #;1; and wi = wiq,
monomial w.8" is redundant and can be removed. In the final

1<j< N - 1,t3~ < t;’+1 andwfj - 7”?;‘-1—1-



COTTENCEAU et al.: MODELING AND CONTROL OF WBTEGs IN DIOIDS

e \ | I A
A
‘%’ P~ 2 '. 7 Ay, / =
(=) e < _ P pa / # 7 / 7
Oro %{ 5 «. = v ‘ £ ’ ; 7 f/ /‘"

Fig. 5. Ultimately periodic series in £;_.[4].

form p = @]N:/l w’ &% (with N’ < N), coefficients and €xpo-
nents are strictly ordered. In other words, the remaining mono-
mials are incomparable (no further simplification is possible).
]

1) Example 9: Letus consider polynomial p = v V3y162 &
V26342V 36t PV 3y268 B~42 V34167 . First, the monomials are
sorted according to the exponent of §. Next, the coefficient of 6>
is replaced by 7! V37! @42 @ v2V3 @ Va2 ©42Vay! = 4V,
Then, the coefficient of 62 is replaced by the sum 2 & 2V &
Viv? @ 42V3y! = Viv? ¢ +2V3, and so on. At this step,
p=7"62a (V32 ®~2V3)8° & (Va2 & +2V3)8ta(Vay? @
V2V 391)6¢ 2 V3167 Monomial (V3262 V3)6? is redun-
dant since the coefficients of 6> and é* are the same. Once it is
removed, the form obtained is such that the coefficients and the
exponents are strictly ordered, say p=5626 (V372 @v2V3)6ta
(Var* @y’ Vay )80 @2 Vay'éT.

IV. WBTEGS ARE DESCRIBED BY ULTIMATELY

PERIODIC SERIES OF &, [4]

In this section, we will show that the behavior of a WBTEG is
described by ultimately periodic and balanced series of £, [4].
This result has to be compared to the well known result for ordi-
nary Timed Event Graphs [5, Th. 21]: the entries of the transfer
matrix of a TEG are ultimately periodic series of M2*[v, 6].
For TEGs, operations (and algorithms) on ultimately periodic
series of M2*[v, 8] have already been investigated in [10] and
[9]. The developments given here are clearly in the same spirit

Since we consider WBTEGs, only balanced series of £,,,.[¢]
are considered hereafter.

Definition 16 (Ultimately Periodic Series of £,,,.[6]): A bal-
anced series s € &[] is said ultimately periodic if it can be
written as s = p @ q(v*7)*, where v, 7 € N, p and ¢ are bal-
anced polynomials p = @] _, w6, ¢ = @;;1 W;6%i with
Vi, 7, w;, VVJ S gpe,,,.

The property of periodicity has a natural graphical interpre-
tation. In the graphical representation of s, the monomials of ¢
are depicted as a group of C/C functions that are periodically
shifted by 7 units to the increasing values along the T-shift axis
and by v units towards the decreasing values along the I-count
axis.

1) Example 10: Fig. 5 gives the graphical description of s =
v3\253 D V3‘27154(7162)*.
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Remark 3: A periodic form is not unique. For instance, s =
p®q(~v"67)* and s = p B g D ¢y’ 87 (v¥67)* are two different
ultimately periodic forms of the same series

Remark 4: Balanced polynomials in & pp, [¢] can always be
considered as ultimately periodic series since (y16°)* =

Proposition 6 (Left and Right Periodicity): An ultimately
right-periodic series s = p & ¢(+v67)* in €;Fr[[6]] has also an
ultimately left-periodic form s = p & (v 67 )*¢’ where ¢’ is
a balanced polynomial. The left (resp. right) asymptotic slope
is defined as o;(s) = 7' /v (resp. o,.(s) = 7/v), and the next
equality is satisfied T'(s) = o,.(s)/a1(s).

Proof: Let T'(s) = Kk'/k be the gain of s. The co-
efficients of polynomial ¢ = @ w;6% are given by
w; = P, 'y”"vvmﬂbj'y”:’j with Vj,m;/b; = k' /[k. Let
us remark that thanks to (6), V,, s, b = tem,; b b =
Hm, 71/31)]': ’ym’jﬂmj ﬂb = ™ v7nj|bj . More gener-
ally, for @ € N, V,, 3.7 ob; = Y™ Ve, - There-
fore, if we take B = lem(b;) and M = BE'/k, then
VL/Jv oy v”n‘/“b‘j ryn/ij/\/B = FYAM’YHU V’anlbj ’ynéja and conse-

quently Vi, w;v? = v™w;. By applying (9)
( U6T) — ( BV§BT)*(6 a6 V(Bfl)ué(Bfl)T)
— (,vaéB‘r)*q(e D...O ,Y(Bfl)yé(Bfl)‘r)
:(fyjuyéBT)*ql_

Finally, ¢,(s) = 7/v and oy(s) = (B7)/(Mv) and
o.(s$)/o(s) =T(s) = k' /k. |

2) Example 11: For the series depicted on Fig. 5, a right-
periodic form and a left-periodic form are given by

5= V3|263 D V3|27164(7162)*
= V3I263 D (7354)*(V3\27154 S 73V3‘266).

The way the coefficients are periodically shifted is illustrated by
a set of arrows depicted on the picture. For this series, the slopes
are, respectively, o;(s) = 4/3 and ¢,.(s) = 2.

The main result concerning the class of WBTEGs is that the
serial, the parallel and the feedback composition keep the ulti-
mate periodicity property. To obtain this result, one has to an-
alyze how the sum, the product and the Kleene star operations
behave on ultimately periodic series in £, [4].

For the next propositions, series s; and s» are pe-
riodic series defined as s; = p1 @ q1(y*6™)* and
s = pa B gy ”’(57’) with p1 = @ 11 whéth, q =
@, W17, py = @2 warb's, g = @l | Worot2
and wl,, Wk, le/ Wy € 51,57

Proposition 7: Let 51 and s2 be two ultimately periodic series
of &% [6]. If T'(s1) = T'(s2) then s1 & s2 is an ultimately

per
periodic series of £%.,.[4] such that

per

7, (81 @ s2) = max(c,.(s1), 04(82))

o1(s1 @ s2) = max(oy(s1), o1(s2)).

Proof: If (m1/v1) = (m2f1s), by taking N =
lem(vi,v2) = kw1 = kava and T = kg7 = kamo, then
by applying (9) we can express ("1 6™)* = (e® 46 G

LD ’Y(kl—l)yl(S(kl—l)Tl)(’}/klyl(Slel)*g and (,VVQ(STQ)* —
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(@267 @. . @y ve flka 1))y (yhava gkaTa)*  Therefore,
Ch(’YVl(sTl)* — qll(,yNéT)* and QQ(’YW&‘P‘))* — q’z('er?T)*.
Therefore, 51 @ s2 = p1 @ pa ® (¢ © ) (YV6T)* is
also ultimately periodic. If (r1/v1) > (72/v2), according
to Lemma 4 (sece the Appendix) we obtain that Vj,I s.t.
1 <7< Ni,1 <1< Ny, then Wq;670 (471 6™)* is ultimately
greater than Wey 612 (y¥26™)*, In other words, g1 (v*167)*
is ultimately greater than go(v*267)*. Finally, s1 @ so is
ultimately periodic with the periodicity of s;. |

Proposition 8: Let s; and s» be two ultimately periodic se-
ries of Sp*,;rﬂé]] If T'(s1) = I'(s2) then s1 A s2 is an ultimately
periodic series of &.,.[4].

Proof: (Sketch of proof) The proof is similar. Two
cases have to be considered. If (71/11) = (72/12) then we
can write the infimum as s; A s2 = (p1 @ ¢1(7¥6T)*) A
(2 ® g5(YV6T ) )= (p1 A p2) @ (p1 A ga(v" 7)) @ (p2 A
¢ (YYD (gL (7N 6T A gl (7N 8T)*). The first three terms
are polynomials and the last one is an ultimately periodic
series the slope of which is T/N. If (r1/11) > (72/v2), we
previously obtained that ¢y (6™ )* is ultimately greater than
g2(7"267)*. In other words, s1 A $2 has the ultimate periodicity
of S9. [ |

Proposition 9: Let s1 = p1 & q1(y"6™)* and 83 = P2 @
g2(7"26™ )" be two ultimately periodic series of £,,.[6]. Then
$1 ® $2 is an ultimately periodic series such that I'(s1 ® s2) =
F(él) X F(éQ)

0r(81 ® 82) = max(o,(s2), T'(s2) X 0.(s1))
o1(s1 ® s2) =max(o(s1), 01(s2)/T'(s1)).

Proof: Thanks to Prop. 6, we can write s and s», respec-
tively, with a right-periodic form and a left-periodic form such
as s1@ 9 = (P (7 8™)) @ (p2® (772672)"qh) = p1ps ®
p(y267) g & (v ) paar (v 6T )T (72672 ) g
The first term pips is a polynomial. The second and
the third term are explicitly equal to pi(7*267)*¢), =
(D wid")(y267) (B Wh™) and q(v167)ps =
(D W1,;8T15 ) (471674 )* (D war6™*). These terms are two
finite sums of periodic series with the same gain. Due
to Prop. 7, these terms are periodic too. In the last term,
(y167T )*(¥267:)* is an ultimately periodic series in
My, 8] (Th. 8 in the Append1x) and therefore in £*[4] too.
The term g (77167 )* (v*267 )* ¢ is consequently a finite sum
of ultimately periodic series in £, [6]. The product s1 @ so
is finally a finite sum of ultimately series with the same gain
which is periodic by applying Prop. 7 again. |

Let us now focus on the behavior of circuits in WBTEGs.
They are algebraically described by Kleene star operations on
conservative series of £;.,.[0].

Proposition 10: Let s = p @ q(7v”67)* be a conservative
(I'(s) = 1) ultimately periodic series in £, [6]. Then s* is a
conservative ultimately periodic series.

Proof: Thanks to Lemma 7 in the Appendix, we can
write polynomials p and ¢ with a non canonigal form

D, v Vuyhis' and ¢ = @; 7V VuyV18%. By
taking r = yM¥§M7  then monomial » commutes with p and ¢,
i.e.,pr = rpand qr = rq. Thanks to (9), series s can be written
s=p @ q(F’ @ ’YV(ST @ @ ,.Y(I\/Ifl)y(l)‘(ﬂlfl)f)r* =p @ ql,,,*_
Moreover, r also commutes with ¢’, i.e., ¢'r = r¢’. By applying
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(7), one has s* = (p ® q’7'*)* =p (q’7 *p*)*. Since rp = pr
and thanks to (10), then »*p* = (r & p)*. Finally, by using (8),
we can write s* = p*(¢'(r @ p)*)* = (c@q(q Drdp)).
In that expression, (¢’ @ r & p) and p are two conservative
polynomials. Thanks to Prop. 15 shown in the Appendix,
(¢ @ r @ p)* and p* are two conservative ultimately periodic
series. Finally, it can be inferred that (e ® ¢'(¢’ &7 @ p)*) isa
conservative ultimately periodic series, and thanks to Prop. 9,
s* is periodic as well. |

Proposition 11 (Transfer of a WBTEG): The transfer matrix
of a weight-balanced timed event graph is composed of ulti-
mately periodic series of &, [4].

Proof: We recall first that all the elementary operators
¥, 8%, i, and By can be considered as ultimately periodic
series (see remark 4). Then, due to the specific structure of
WBTEGs, the modeling by serles in &, [6] is such that:

+ the sum () of series in £, [0] is necessarily done on se-
ries with the same gain (balanced property) and the period-
icity is kept by the balanced synchronization (see Prop. 7);

* the product of ultimately periodic series is done when the
serial composition of systems arises, and the product keeps
the periodicity property (see Prop. 9);

» the Kleene star is done only on conservative ultimately
periodic series since the loops of a WBTEG are neutral.
Thanks to Prop. 10, the Kleene star of conservative ulti-
mately periodic series keeps the periodicity property.

|
Remark 5 (Canonical Form): The property of ultimate pe-
riodicity of WBTEGs does not depend on a specific periodic
form. However, by comparison to existing results for periodic
series in M{¥[, &], we think that a canomcal periodic form ex-
ists also for ultimately periodic series in £,,.[¢]. Such a canon-
ical form would be useful for a software tool dedicated to pe-
riodic series in £;,,.[6] (such as [7] for M{X[v, 8]). By trans-
posing the results given in [10] and [9] and by wrltmg a series
s =p®q(y”67)* withp = P, w;d", q = @J L W6t
the canonical form of s would be the unique one such that p
and ¢ are in a canonical form (Vi,j w; > wiy1, i < tig1,
VV]' - LVj_H, Tj < Tj+1), wy, = Wiand Wy = Wl’yy (sucha
form is called a proper form in [10]), and finally the number n of
monomials in p is as small as possible, and the periodic pattern
q is also as short as possible (pair (1, 7) is as small as possible).

V. CoNTROL OF WBTEGS

The input—output model obtained in the previous section for
WBTEGs allows us to consider some model matching control
problems such as the ones studied in [6], [12], [13], [15], and
[17]. We only need to express the residuation of the product in
&> .[6]. The first step consists in expressing the residuation of

per
the product in &,

A. Residuation in Epe,

On a complete dioid, the product is not invertible, but the
theory of residuation developped in [3], and applied to idem-
potent semirings in [1], can be used to find optimal solutions to
some inequalities. On a complete dioid, mappings L, : ¢ — az
and R, : x — xa are residuated. It means that Vb, L,(x) < b
and R,(z) < b have maximal solutions, that are, respectively,
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denoted L% (b) = ayb = @{z|ax < b} and RE(b) = bga =
@{z|za < b}. Mappings Lt and R? are said residual map-
pings of L, and R,. When the dioid product is commutative,
then LF = RY.

Theorem 7 ([1], [3]): On a complete dioid D,

abz = ¢ <= & = byaye = (ab)ye 17)
xba X ¢ <= x < cpagh = cp(ba) (18)
(a®b)x R ¢ <= & = axe A bye (19)
z(a B b) X ¢ <= x < cga A cgb. (20)

The dioid of E-operators denoted £ is complete. It is then
possible to define the residual mappings of L, and R, on &.
More precisely, concerning the elementary operators of £, the
following results can be obtained.

Proposition 12: Letw € &£ be an E-operator, then

Fhw =y "w wgy” = wy ™" 2n
QW = ﬁmﬂyvnil Whikm = “]/Brn (22)
Opyw = ppw wey = w'yb‘lm,. (23)

Proof: Since operator ™ is invertible (v"vy " =
v~ "~™ = ¢), then we obtain (21). For (22), the right product by
b 18 invertible since (3, 4, = e. For the left product, by defi-
nition of the residual mapping: tt,,%w = @{v € &|pmv = w}.
Since w1 = w9 S Fuw, =2 Fu,, then we have
pamsw = P{v € E|F,,.0 = Ful = B{v € EmF, >
Fut=P{v € &|F, 2 Fu/m}. Finally, F, ., must satisfy
Vk € Z, F, wwl(k) = Fu(k)/m, which is equivalent to
Vh € 2, Fy () = [Fulk)/m] = [(Fulk) +m - 1)/m]
where f?] denotes the least integer greater than or equal to z.
Translated into operators, we have p,,, 5w = Grny™ L.

For (23), we know that the left product by /3, is invertible.

For the right product, we have
= @{’U S €|]:U’ﬁb > Fw}
= Plv e EIVk € T, F,(|k/b]) > Fulk)}.

Therefore, the C/C function of wg, has to satisfy the fol-
lowing constraints:

w 75/6 b

0<k<b—1, Frups, (0)

2 'u;(k)
b<k<2b— 17-7:w¢/3b(1) >

f
Fu(k)

nb <k < (n+1)b— 1, Fugp, (n) > Ful(k).

Since F,, is a non decreasing function, F,43, must sat-
isfy Fugs,(n) = Fu(ln + 1)b — 1) say Fugs, (k) =
Fuo(bk + (b — 1)), which amounts to wgFy = wy® 1. W

1) Example 12: Let us develop the computation of
(v u2)x(v2B3114) € E. By applying results from Prop. 12
and from Prop. 1, we obtain

(7! 12 )8(¥? B3 p0a) = pn(v"5(¥* B3pea))
= por(y (v Bspa))
= Boy' (V' B3p1a) = By’ B3pia
=~ BaBspa = 7' Bopra = 7' Bapra.
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Let us note that the canonical form of ~'33us is
Y V237! @ ¥*Vyp3. Since residuation is not an exact
inversion, we can remark here that the canonical form of
(7 p2) (v p2)8(v?Bapa)] = 7P Vasv' ® 72V y3 is different
from (v2B3p4) = 72V 372 @ 73 Vasy! ® v V5.

Proposition 13: Let us consider w1, w2 € Eper. Then waywn
and wygwsy are periodic E-operators such that I'(woyw) =
F(wl)/F(wg) and F(wl;éwg) = F(wl)/F(wz)

Proof: Thanks to Th. 7 and Prop. 12, and since we can write

periodic E-operators as finite sums, w; = €D, 'y”iV,nU,'y”"ﬁ and
wy = @j AT VM‘ny"-’/, then

wakwy = @ VIV ar 7™

@’Y Vm\b’y
—/\( JVM\B’Y @’V“V s )
= /\ (@’Y ‘/tBﬂw’y -t """'y""’Vmw”;‘) )

It is then a finite infimum of periodic E-operators, that is also a
periodic E-operator thanks to Prop. 2. ]
B. Residuation in £, .[9]

Let us note that w, 6%y 8% = wyw,d% < Thanks to (19)
and (20), we can express the residuation of the product of bal-
anced polynomials. Let p1 = €D, w1, 6" andps = €D ws; Pl
be two balanced polynomials in S;FT[[(S]] Then, we can write
poxp1 and pigps as

= (@wzﬁtzj) [@ wy, 6]

= /\ < (wo, 6% EBYUL(S“i]>
= /\ @ w2, kewl 6“ ]

P2yp1

i

and

P1gpe = /\[@(wlzyﬁng)étlft%],

i

The computation of operations § and # on balanced polyno-
mials is based on the residuation of coefficients in &,..,. (see the
previous subsection), and it is then equivalent to the infimum
operation on a finite set of polynomials in &;_,.[6] which is a
balanced polynomial.

When we extend the computation of operations % and # to ul-
timately periodic series of £, [6], we can show that the residu-
ation of two periodic series can be computed with a fixed-point
iteration method.

Lemma I ([1]): The greatest fixed-point of TI;(x) = axz A b
(resp. IT.(z) = xzpa A b) is a*sb (resp. bga™).

Proposition 14: Let s1 = p1 & q1 (4! 571) and so = p2 @
g2(y"26™)* be two periodic series in £,,.[6]. If the mapping
(y726™ )px: A (g2%s1) has a fixed point, then s2%s1 is a periodic
series.
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Proof: We can write s2%s1 = [p2 @ g2(7"26™2)* )ys; =
pavsy A (7726™)*%(gavs1) (according to (19)). Thanks to
Lemma 1, if (7267 )2 A (g2vs1) has a fixed point, then sa%s7
is shown to be expressed as the infimum (A) of a finite set
of periodic series with the same slope. Thanks to Prop. 8, the
result is also periodic. |

Remark 6: Prop. 14 gives a practical way to compute the
residuation of two ultimately periodic series in &, [6]. How-
ever, it should be kept in mind that the fixed-point iteration
method does not necessarily terminate in a finite number of
steps. The convergence depends on the ultimate slopes of se-
ries. This aspect would need more developments to be clarified.

C. Example of Output Feedback Synthesis

This modeling is applied in this section to obtain an output
feedback control for the WBTEG of Fig. 1. First, we state the
transfer relation of Fig. 1 in an ultimately periodic form. In Ex. 4
we obtained x4 = (;Lg('yléz)*ﬁgéQ @ Byl (7261)*u3) Ty,
i.e., xg = Huxq. The transfer function H is expressed as a sum
of two periodic series. The first term of H can be written in
a left-periodic or in a right-periodic form, p3(v'6%)*326% =
(v36%)* V31267 = V3262(7?6%)*. The second one can also be
written as Joy' 8 (7281 )* 3= (7' 61)*(Vgoyt © 72 Vg2)8'=
[(vs\ﬂl@7'2V3\2)51@(’Ylvs\ﬂl@73V3\2)52@(W2V3\271€B
Y4V 312)6%](726%)*. According to Prop. 7, the sum of these se-
ries is ultimately periodic with o,.(H) = max(1/1,3/2) and
oi(H) = max(2/3,1/1) (the slope of the second term). The
gain of series H is clearly the gain of all paths from ¢; to {4,
I'(H) = 3/2. A left and a right periodic form of H are given
below (where coefficients are described in their canonical form
in Eper):

H :p@q(7263)* :p@ (’7161)*q’

with p = V306" @& (Y*Vapy' © °Vy2)8° @
VPV 320 B (Y V3127t @70V 312)6° ® (72 V327 €75V 3)2)6°,
q = (Va7 @ YV3p)d” @& (v Vapr' @
VV32)8%B(v*Vspyt @ 'OV;p2)6°] and ¢ =
(V327" ® ’78V3\2)57]-

Thanks to results obtained in [6], we can compute the
greatest neutral output feedback for the WBTEG described by
the transfer matrix H. From a practical point of view, it is the
slowest controller that we can add between the output and the
input so that the closed-loop system has the same behavior as
the system alone. The benefit from this controller is to reduce
the internal stocks as much as possible while keeping the
system throughput. By knowing H, this controller is expressed
by (see [6]) F = HvH¢H . Series HyH is computed first with
the fixed-point iteration given in Prop. 14 which terminates in a
finite number of steps. Then, the same method is applied again
to obtain the result of HyH¢H . For the WBTEG of Fig. 1, the
computation gives

F= (W’3V2\3’71 @ 74V2|3)50 D VA‘V2|352
@ (v°6%) [0V y36%)

= (v’ Vv @7*V23)8" © 7V 367
& [’76V2\354](’Y353)*~
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Fig. 6. Greatest neutral output feedback.

The controller is described by an ultimately periodic series the
slopes of which are o,.(F") = 3/3 and 07(F") = 3/2. We natu-
rally obtain that I'(F') = 2/3 is equal to 1/I'(H ): the additional
circuit due to the feedback loop is neutral, and therefore the
closed-loop system is still a WBTEG. Controller F' can be de-
scribed by a WBTEG which is depicted in Fig. 6. The gray zone
corresponds to the realization of controller F. Let us note that
the closed-loop system becomes bounded since it is a strongly

connected WBTEGs.

VI. CONCLUSION

This work presents a modeling approach for the class of
WBTEGS in a dioid of additive operators. Four elementary
operators denoted ", &%, u,, and B, are necessary to de-
scribe the dynamical phenomena modeled by a WBTEG. The
input—output behavior of WBTEGs can be embedded into ra-
tional formal power series in a non commutative dioid denoted
E*[6]. More specifically, we show that the transfer series of
WBTEGs expressed in £*[¢] have an ultimate periodicity
property. This input—output representation is well suited to
address some model matching control problems already tackled
in literature for TEGs. As an example, the computation of a
neutral output feedback controller for a WBTEG is given in
this paper. The main contribution of this work is to show that
the study of WBTEGs can be done with algebraic tools similar
to the ones presented in [1] for the analysis and the control of
TEGs.

APPENDIX

A. Rational Calculus in M2 [, 6]
Definition 17 (MZ2X[v,6]): Dioid M [v,8] is the set

11 111
of formal power series in two commutative variables + and
& with boolean coefficients quotiented by the equivalence
81 = 89 &= (675 = 4*(67 ) *s0.

Theorem 8 (Operations on Periodic Series): Let s1 = p; ¢
q1(v"187)* and s = po B g2(7"2672)* be two periodic series
of M2X[v, 6], where vy, 12, 71,72 € N, p1, pa, 1 and g2 are
polynomials in M#*[+, §]. The asymptotic slope of s1 (resp.

111
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s9)isdenoted o(s1) = 71 /11 (resp. o(s2) = T2 /v2). Letsy # ¢
and sy # &, then
e 51 @ so is a periodic series such that o(s1 @ s2) =
max(o(s1), o(s2));
e 51 ® s9 is a periodic series such that o(s1 ® s2) =
max(o(s1), o(s2));
+ (s1)* is a periodic series
Proof: Proofs are detailed in [9] and in a more concise way
in [10]. n

B. Intermediate Results in £,,,.[0]

First, we recall a result given in [5, Lem 6], the proof of which
is detailed in [9, Lem. 4.1.4]. This result is stated in M2*[, 6]

and is still valid in &,,.[6] since M§X[, é] is a subdioid.

Lemma 2 (Domination Lemma): Letmy = ~"1 8% (471671 )*
and my = ~™28%2(¥”2§™)* be two simple periodic series in
M2 [~, 6] such that 71 /11 > 7o /1. There exists an integer K

11

such that
,erg 6tg,_th/g (S‘I{Tg (,.Yt/g &7 )* j my.

Remark 7: The previous lemma means that in the
expression m; @ my, monomials ~N"2slzyEv2EET g
g2 gty B+ Dra K+ gy are redundant. Asymptoti-
cally, series m1 dominates series m.s.

Lemma 3: Let un = &P, fy”“leu,l*y”/li and wy =
@j T2V s bo 'y”;j be two periodic E-operators in &, such
that I'(w;) = I'(ws). There exists a positive integer K such
that way® < wy.

Proof: First we show that for all ¢, j there exists an integer
K i such that y"*' V15, ”y";.wKﬁ = f\/”“le‘bl’y”ii. For all
counter value k£ € 7, Kj; must satisfy

k+nh; + Kji k+ni;
bg bl

Since forallz € R,« > |«| > @ —1,if Kj; is chosen such that
Vk € Z, ((ktnh+Kj;) [ba—1)matna; > ((kt+ni;) /br)matng,
then (24) is satisfied too. By assumption, 1o /by = iy /by;
therefore, the previous inequality does not depend on k. It suf-
fices to take Kj; = ny; —ny; +ba + f%(nu —ng;)]. Finally,
by taking K = max(0, max; ; K;;), we have woy® <w;. W
The next Lemma is an extension of Lemma 2 in &, [4].
Lemma 4. Let us consider my = w18 (2 6™ )* and my =
wob'2 (472672 )* with wy, wa € Epe, such that I'(wy) = T'(ws).
If 71 /11 > T2/ 1, there exists a positive integer K such that

J Mo + naj > { J mi + ny. (24)

ws 6t2’yKV2 6K7‘2 (,YVZ s )* j m.

Proof: Thanks to Lemma 3 we can find an integer N s.t.
woy™ =< wy. By applying Lemma 2, since 71 /v; > 72/v2, then
6t (y*16™)* is asymptotically greater than y ~V §t2 (y¥2672)*,
Therefore, since w2y =< w; then w6t (y*16™)* is asymp-
totically greater than we2 (y*2672)*. [ |

Lemma 5: In &, operator V,, can be written in a non
canonical form as

j=n—1

V., = @ ,yjmvnm/,y(nil*j)m'

=0
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Proof: The C/C function of V,,, is clearly (i, m)-periodic.
By considering Fv,, as a (nm, nm)-periodic function, we ob-
tain this non canonical form. |

1) Example 13: For instance, we can write Vo, in a non
canonical form as Vo = Vgy* @ v2Vgy? @ v*Vs.

Lemma 6: In &, we have Vyy5Vy = yLBIuv,, =
Vary s where K|y 2 M| K /M| is the greatest integer
in MZ less than or equal to K.

Proof: Yz € X, we have (Vpyz)(t) = M|z(t)/M]| =
|#(t)|ar. Since K = |K|y + KmodM, we have

(V" Vaz)(t) = [le®]w + Klu= [[2()]n +
M|K/M] + (Kmod M)|y= |le()]ar]a + [ K]ur =
l#(t) ) ar + [ K | s u

Lemma 7: Letp = @@, w;é" = D, (D, w'""?«fvmiy"/ij)ﬁt’?
be a conservative (I'(p) = 1) balanced polynomial of £,,.[4].
Polynomial p can be written in a non canonical form as p =
@D, " Vary™ e 8 where M = lem(m;).

Proof: By applying Lemma 5, each coefficient w; of p
can be developed as a sum of 7”VMW”I operators with M =
lem(m;). |

2) Example 14: Let p = v?V37262 @ v3Vy163. Thanks
to Lemma 5, we can write p as a sum offy”’VlC,,,L(273)7”" opera-
tors: p = v2Vy2 62 © 7PV 620y3 Vv 63 @ v Vey36® @
~ Vv 83,

Thanks to Lemma 7, a conservative polynomial p can always
be written as p = @?:1 w; 6t = @1\21 AV ™85 (see Ex.
14), i.e., all terms depend on the same operator V ;. Thanks
to this form, the expression of the Kleene star of p can now be
studied. In the expression of p*, the products of L elements in
{w16™, .., w6} is central. First, we introduce the following
notation with L > 2:

D

i.€{1,... N}

L &
My, =

L
{®7U“(5t"”’”|’i1 = I,’iL = ]} .

w=1

Operator M ILJ is obtained by summing all the products of ex-
actly L operators from the set {w16%, .., wxn &'~ } and such that
the left factor is wré?’ and the right factor is w67, with I, .J €
{1..., N'}. Thanks to the notation above, p* can be expressed as
follows:

N N o

p :c@]}@@@@M}T

i=1 j=1 1=2

(25)

First, let us focus on product ®£:1 w;, 6%+ such that 4, €
{1./ .y ]V}Z

=L
“ ws §tiHtip o Ftiy)

® wi, 85 = wi wy, . ow;,
r=1 -

: ot

= A"V Ly gy § A )

By applying Lemma 6, one can simplify as follows:

L
Q) wi, 8" =4 Ty Yy
xr=1
with
R TN B S e N R Py
j=L-1
- Zj:l i, + iy Lo

i=L

T = tz
Zj:l I
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Finally, such an operator can be written

;J +ri;qm 5tij

L L—1
kL
® w;, 6" = ® 7L
x=1 =1

.
’Ynll VAM'Y””“ 6t7‘L .

It can be inferred that express1on® 1 w;, 6 i suchthati; = 1
and 7, = J can be written y* 67 ~y™ V ;"4 s

Lemma 8: Let L > 2 be a finite integer, then we have
MEy = (" Dy Va6
where ¢ is a square matrix of M®*[ry, §]V *¥ defined by

Va,b € {1,.., N}, ipq = ylratmlogte,
Proof: According to this definition of ¢, for the exponent

L — 1 of matrix ¢ we have

(" Ny =
L-1 /
@ {®m:1 ,ylmx +mm+1JM5tra,, |'£1 =1,i; = J}_
i, €{1,...,N}

|
Lemma 9: The infinite sum EBIZCQ MF; is described by the
following equivalent expression:

“+oc
@ MILJ = (<P+
L=2

with o+ = ,,5, ¢" = pp*.
Proof: By using Lemma 8 for operators M £, where L > 2,
we obtain

L — L-1 nr ) n{] t]}
@LZQ My @LZQ [(‘P YY"V ay"I6
= (@n>1 OV gy Y " 8

= (M) 1y Va6

)I.J’YnIVM'YnIJ(StJ

]

Proposztzon 15: Let p be a conservative polynomial deﬁned

asp = @ wist with Vi € {1,.., N}, w; = v Vay™.

The Kleene star of p is a conservative and ultimately periodic
series in £, [6] defined by

per
N N

foed @@(

I=17J=1

)1y Va8 ) ) (26)

Proof: Thanks to Lemma 9 and (25), then
N ;
* (A v M St
—C@GBk_l’Y v]ﬂ’} ko
i=N £
@ 69 ( Vi Y VY™ 6t )
=1 j=1
=N j=N ’
—eY (@L @ ( W*)ij”ymvﬂﬂn”stj)> '

The Kleene star of matrix ¢, since it is a matrix of M3 [, 8], is
known to be composed of periodic series of M2X [+, 6] (thanks
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to Th. 8, rational series <= periodic series in M{¥[v, é]).

Then, for all 4, j, series (¢*);; 7" ’VM'y"J 4% is ultimately pe-
riodic in £%,,.[8]. Therefore, the Kleene star p* is obtained by

per
summing N? ultimately periodic series of &y [8]. Thanks to
proposition 7, the result is periodic too. ]
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