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Abstract—This paper deals with the computation of a
maximal flow in single input single output (maz,+) linear
systems. Assuming known a system composed of some sub-
systems - each one being described by a transfer function-
and some secondary inputs interfering with the principal flow
on consecutive sub-systems, the computation of a maximal
principal output is addressed. Transfer functions, inputs and
outputs are represented by periodical series in a semiring of
formal series, namely N,,;,[d]. Previously, it is shown that
the Hadamard product of such series allows to compute the
addition of inputs, and that this product is both residuated
and dually residuated. These properties are used to compute
the maximal principal output. An example concludes the paper
and allows to illustrate the efficiency of the proposed approach.

Keywords: Discrete Event Systems, Timed Event Graphs,
(mazx,+) algebra, Residuation Theory.

I. INTRODUCTION

Timed event graphs are Timed Petri Nets of which each
place has one and only one upstream transition and one and
only one downstream transition. TEGs enable to depict sys-
tems characterized by synchronization and delay phenomena
in a graphical way. These phenomena are often found in
manufacturing systems such as assembly lines, but also in
transportation networks subject to connection and in com-
puter networks. TEG behavior can be modelled by a dynamic
linear model in the (max,+) semiring, by associating for
each transition labelled x; a “dater” function z;(k) which
represents the k-th firing date of this transition. Dually it is
possible to consider a counter function x;(¢) which depicts
the number of firing occurred up to time ¢ and then to
obtain a dynamic linear model in the (min, +) semiring. The
methodology to build these models is exhaustively proposed
in [2].

These mathematical models are used for the performance
evaluation of manufacturing systems, transportation networks
[12] and computer networks [14]. For these linear systems a
control theory has been constructed in an analogous way
to the control theory for classical linear systems. Non-
exhaustively, we can cite the identification methods [4], [21],
[17] and, among the control structures, the model predictive
control [22], the optimal control [6][19], and the closed loop
control [16], [7], [15], [11]. Some graph algorithms for both
the shortest path problem and for the maximum flow problem
can also be depicted in these particular semirings (see [9]).

This paper deals with the maximal output computation in
a system composed of some sub-systems in which secondary
inputs interfere in an additive way. These results are based
on the Hadamard product of series, which is both residuated
and dually residuated.

Section II recalls useful algebraic tools. In particular, it
gives necessary and sufficient conditions for a monotonic
mapping f to be residuated.

Section III presents some semirings of formal power series
and their Hadamard product. It is shown that this product is
residuated and dually residuated if the co-domain is restricted
to a given subset. Section IV briefly recalls how to model a
TEG in a semiring, and the set of input series which leads to
the lowest output of the system is given. This output, called
impulse response, corresponds to the maximal instantaneous
number of tokens which can be put out of the correspond-
ing TEG. A discussion about practical computation of the
residuals of the Hadamard product concludes the section.

Section V is devoted to the performance analysis of a sin-
gle input single output (SISO) system subject to interfering
inputs which act in an additive way. These inputs are not
disturbances in the sense of the one studied in [15], but
flows added to the system. This means that the system is no
longer a TEG because some places have more than one input
transition and others have more than one output transition.
Nevertheless, assuming known these additive inputs, the
lowest system output achievable and the greatest system
input leading to this output are computed. An illustrative
example concludes the paper.

II. ALGEBRAIC PRELIMINIARIES

This section aims at recalling some algebraic properties
of idempotent semirings and to present some semirings of
formal series used afterwards.

Definition 1 (Idempotent Semiring): An idempotent
semiring is a set S endowed with two inner operations
denoted @ and ®. The sum is associative, commutative,
idempotent (i.e. Va € §,a @ a = a) and admits a neutral
element denoted e. The product is associative, distributes
over the sum and admits a neutral element denoted e. The
element ¢ is absorbing for the product. When product ® is
commutative, the semiring is said to be commutative. As in
the classical algebra, symbol ® is often omitted.

Definition 2 (Order Relation): An order relation can be
associated with S by the following equivalence:

Va,b € S,a = b <= a = a®b. Therefore, ¢ is the bottom
element of S.

Definition 3 (Complete Idempotent Semiring): Semiring
S is complete if it is closed for infinite sums and if the
product distributes over infinite sums too. In particular
T = @, sz is the greatest element of S (T is called
the top element of S). The greatest lower bound of every
subset C of a complete semiring S always exists, and a A b



denotes the greatest lower bound between a and b. S is said
distributive if it is complete and if for all subset C of S,
(Neecc ) ®a= Ayeclr @ a).

Definition 4 (Sub Semiring): A subset C of a semiring S
is called a sub semiring of S if e € C and e € C and if C is
closed for & and ®.

Example 1 (Zin,Nmin): Set Zpin = Z U {—00, +00},
endowed with the min operator as sum and the classical sum
(operation +) as product, is a complete idempotent semiring,
where ¢ = 400, e = 0 and T = —o0. According to definition
3, one has 5®3 = 3 hence 3 > 5. The order relation of Z,;,
is the reversed order of Z. In this particular semiring the
product distributes over A, i.e. , (aAb)®c = (a®c)A(b®Rc).
According to definition 4, N,,;,, = NU{+o0} endowed with
the same operators is a sub semiring of Zonin, which will be
also considered afterwards.

Theorem 1 ([2] 4.5.3): Over a complete idempotent
semiring S, the implicit equation x = axz @b admits z = a*b
as least solution, where a* = @, a’ (Kleene star operator)
with a® = e.

The residuation theory provides, under some assumptions,
optimal solutions to inequalities such as f(z) =< b (resp.
f(x) = b), where f is an order-preserving mapping defined
over ordered sets. Some theoretical results are recalled below.
Complete presentations are given in [3] [2].

Definition 5 (Isotone mapping): A mapping f defined
over ordered sets is isotone if a < b= f(a) X f(b).

Definition 6 (Residuated and dually residuated mappings):

Let f : £ — F an isotone mapping, where (£,=) and
(F, =) are ordered sets. Mapping f is said residuated if for
all y € F, the least upper bound of subset {z € &|f(z) < y}
exists and belongs to this subset. It is then denoted ff(y).
Mapping f* is called the residual of f. When f is residuated,
f* is the unique isotone mapping such that

foff <Idz and fYo f = Ide, (1)

where Idx (respectively ldg) is the identity mapping on F
(respectively on £). Mapping f is said dually residuated if for
all y € F, the greatest lower bound of subset {z € &|f(x) =
y} exists and belongs to this subset. It is then denoted f°(y).
Mapping f? is called the dual residual of f. When f is dually
residuated, f” is the unique isotone mapping such that

fof’=Idrand f’ o f < Ide. (2)

If 3z € £ such that f(x) = vy, then f*(y) (respectively
fb(y)) yields the greatest solution (respectively the lowest
solution).

Theorem 2 ([2]): Let f : &€ — F where £ and F are
complete idempotent semirings of which bottom (respec-
tively top) elements are denoted e¢ (respectively T¢) and € #
(respectively Tz). Mapping f is residuated iff f(eg) = ex
and VA C &€ f(P,car) = @D e f(x). And, mapping
f is dually residuated iff f(Tg) = Tz and VA C &
F(Naen) = Ayea F(2).

Corollary 1: Mappings L, : © — ax and R, :
za defined over a complete idempotent semiring S are both
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residuated. Their residuals are usually denoted respectively
(La)* : 2+ ayr and (R,)* : © — x¢a in (max,+) literature.
Proof: According to definition 3, if S is a complete
idempotent semiring then the product distributes over infinite
sums and ¢ is absorbing, therefore the requirements of
theorem 2 are satisfied. ]
Definition 7 (Restricted mapping): Let f : € — F a
mapping and A C &. We will denote fj4 : A — F the
mapping defined by fj4 = fold|4 whereld| 4 : A — &, 2 +—
x is the canonical injection. Identically, let B C F with
Imf C B. Mapping g|f : £ — Bis defined by f = Idzop f,
where Idj3 : B — F,x — x is the canonical injection.

III. SEMIRING OF POWER SERIES

Definition 8 (Formal power series): A formal power se-
ries in p (commutative) variables, denoted z; to z,, with
coefficients in a semiring S, is a mapping s defined from Z”
or N? in S: Vk = (k1,...,k,) € NP or ZP, s(k) represents
the coefficient of 2 z,]f” and (k1, ..., k) are the exponents.
Another equivalent representation is

8(21y ey 22) = @ s(k)zflz]’;l’

kezp
Definition 9 (Support, degree, valuation): The
supp(s) of a series s in p variables is defined as

supp(s) = {k € ZP|s(k) # €}.

The degree deg(s) (respectively valuation wval(s)) is the
upper bound (respectively lower bound) of supp(s).

The set of formal series endowed with the following sum
and Cauchy product:

support

s®s :(s®s)k)=s(k)Ds (k)
s®@s : (s®s)(k) = s(i) ® s'(j)
itj=k

3)
“4)

is a semiring denoted S[z1,...,2p]. If S is complete,
S[z, ..., zp] is complete. A series with a finite support is
called a polynomial, and a monomial if there is only one
element.

The greatest lower bound of series is given by :

sAs (snS)(t) =s(t) NS (). (5)
A. Semirings Zmin[0] and Niyin[6]

The particular semiring of formal power series with co-
efficients in Z,;, and exponents in Z, denoted Zn [0], is
now considered. A series s € Zpn[0] is defined as follows:

s = EB s(t)dt,

teEL

where s(t) € Zpmn. The sequence {s(t)}Vt € Z represents
a trajectory and series s is called the d-transform of this
trajectory which is analogous to the z-transform used to
represent discrete-time trajectories in classical system theory.

Usually sequence {s(t)} represents a counter of events ,
hence number of events s(¢) is greater or equal than s(t—1),
i.e. that this is a non decreasing trajectory. According to the
order in Z,;,, (see example 1), sequence {s(t)} satisfies the



monotonicity property : Vi, s(t) < s(t —1) & s(t—1) =
s(t — 1) @ s(t). Hence, thanks to theorem 1, the following
equivalence holds true

s=5@6 s «= s=(6"")"s.
This means that the sequences belong to semiring
(01 Zmin[0]. In this complete semiring ¢ = (6~ 1)* @
(+006=°), e = (671)* ® (06°), and T = (6~ H)* ®

(—o00dT°°). Afterwards all the series are assumed to be non
decreasing, in order to simplify notations the semiring will
be simply denoted Z,,;,[6] ((671)* will be omitted). Due
to the monotonicity property of trajectories, the following
calculation rules between monomials of Z,,;, [6] come :

ndt @ nst = némax(t’t’), (6)
né' @ n'6" = min(n,n’)s". 7

_ Definition 10: The Hadamard product of series of
Zomin[0] is defined as follows :

(5@ 8)(t) = s(t) @ 8'(t).

Series s @ s’ describes the classical sum of counter since
(s ® s')(t) = s(t) + s'(t). The series e, = 067 is the
neutral element of this product, and € is absorbing for this
law (s ® € = ¢). Afterwards the following mapping will be
also considered

s®s

I, : Zmin Haﬂ - Zm?n[[é]]a T a®T.
_ Proposition 1: The Hadamard product of series of
Zomin[0] satisfies the following distributivity properties:

(s1 P s2) ©s3= (510 83) P (s2© s3) ®)

(81 A 82) © 83 = (81 ® 83) A (82 ® 83). 9)
Proof: According to definitions 3 and 10, the first
statement leads to

((s1 @ 52) ©s3)(t) = (51 @ 52)(t) @s3(t)
= (s1(t) ® 52(t)) @ s3(t)
= (51(t) ® s3(t)) & (s2(t) @ s3(t)),

since ® distributes over @ in Z,,;,,. Therefore by considering
definition 10 again, the following equalities hold true,

(51 ®52) ©83)(t) = (510 83)(t) D (52 83)(t)
= ((s1®s3) @ (52 53))(2).

By considering the same arguments (distributivity of ® over
A in Zpnin, see example 1) equality 9 is obtained. |
This proposition (equation (8)) implies that mapping II, is
a @-morphism (i.e. I,(s1 ® s2) = T,(s1) @ M,(s2) and
I1,(e) = ), then it is an isotone mapping.

Proposition 2: The mapping II, : © — a ® z defined
over Zmin[d] is residuated. The residual will be denoted
(I)* : 2 — a ®f 2. (IL,)*(b) is the greatest series = of
Zmin[6] such that a ® x < b.

Proof: First, series ¢ is absorbing for the Hadamard
product, then II,(¢) = ¢ and the distributivity of ® over
® leads t0 VC C Zmin[0], Ha(P,cc ) = Bpec Ma(),
therefore theorem 2 yields the result. |
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A Single Input Single Output.

All the previous results stay valid in semiring Ny, [d],
which is defined as the set of formal power series with
coefficient in N,,,;,, and exponent in N. A series s € N,,,;,[0]
is defined as follows :

s = @ s(t)6",

teN

where s(t) € N,,5,. Semiring N,,;,,[0] is a sub semiring of
Zomin[0] and the top element is GaxeNmm D Thominls] =
051, Just remark that the top element is then equal to the
neutral element of the Hadamard product (see definition 10).
Proposition 3: Let a be a series of Ny, [0] and C, =
{yly = a} be a subset of N,,;,[6]. The mapping ¢, II,
Npin[d] — Cayz — a @ x is dually residuated. The dual
residual will be denoted (¢, I1,)* : 2 — a @ 2. If b € C,
then (c,|I1,)°(b) is the lowest series of Ny, [5] such that
a®x b
Proof: First just note that ImIl, C C, indeed II, is
an isotone mapping and Vs € N,,i,[0],5 < eo = Tn,,,,.[6]-
therefore Vs € Npin[d],a(s) = Iu(eg) = a. Further-
more, the top element of C, is Te, = a and I1,(Ty,,,,.[57) =
II,(ew) = a = T¢,. According to the distributivity property
(see equation (9)) the following equality holds true, V.A C
Nonin [0], o (Ayea ) = Agea Ila(z). The requirements of
theorem 2 are then satisfied, and yields the result. [ |

IV. TIMED EVENT GRAPH DESCRIPTION

Timed event graphs can be seen as linear discrete event
dynamical systems in some semirings [6] [2]. For instance,
by associating to each transition x; a “counter” function
{z;(t) }+en, in which z;(t) is equal to the number of firing for
transition x; to time ¢, it is possible to obtain a linear state
representation in Z,,;,. As in conventional system theory,
output {y(¢)}+eny of a SISO TEG is then expressed as a
(min, +) convolution of its input {u(t)}en by its impulse
response’ {h(t)}sen. Counter {x;(t)}+cn can be represented
by a formal series in Lormin, [6]. For instance, considering the
TEG drawn in figure 1, counters u, x; and xo are related as
follows over Zy,in:

z1(t) =2®@x1(t —5) D1 @ x2(t) ®u(t).

Their respective §-transforms, expressed over Lonin [4], are

then related as:
xr = 2(551‘1 @ 1lxs P u.

which is the output due to an infinity of input firings at date zero [18].



L x
Consequently, by considering state vector x = (;) the
2

following representation over Z,,,[] can be obtained :

(255 1 e
=1 182)7% )
y=(c e)z.

In a general way, TEG model can be expressed as:

r = Az @ Bu
y = Cu,

where & € Zy,in[0]™ with n the number of internal transi-
tions, % € Zy,in[6]P with p the number of input transitions
and y € Znin[6]? with g the number of output transitions.
Matrices A, B and C are of appropriate size with their entries
in Zynin[0]. According to theorem 1, this state system leads
to a transfer relation y = C'A* Bu, then in Z,,;,, [0] semiring
the transfer matrix of the TEG depicted in figure 1, is given
by :

CA*B = (0 ©18%)(26%)". (10)

Entries of the transfer matrix are periodic series [1] which
are usually represented by? p @ q(vd7)*. The asymptotic
slope® of a periodic series s = p @ q(rd7)* denoted 0o (s)
is defined as the ratio 0. (s) = 2.

For a SISO system, input* u = e yields output y =
(CA*B)e = C'A* B which is called the impulse response of
the system. This output is the lowest which can be achieved,
i.e. the maximal number of tokens which can come out of
the system at each time ¢. Thanks to corollary 1, it is possible
to compute the greatest input u which leads to this lowest

output. This greatest input is given by :

S5 x = (CA*B)}(CA*Be). (11)
{z|(CA*B)u=<(CA*Be)}

u =

This input represents the minimal number of tokens which
are necessary to achieve the lowest output.

Algorithms and software tools® are available in order to
handle such periodic series (see [10] and [8] for algorithms).
In particular, the last version allows to compute Hadamard
product and its residuals (see propositions 2 and 3). Practical
computations can be obtained by considering the following
remark.

Remark 1: Let s and s’ be two series of Ny, [0], let 87
be a series defined as follows :

s7 187 (t) = s(t) — §'(t).

Series s” is not necessarily a monotonic series. Series
s ®f s’ can be obtained from s” by considering the greatest

2p is a polynomial that represents the transient and q is a polynomial that
represents a pattern which is repeated each 7 time units and each v firings
of the transition

3 Asymptotic slope in a manufacturing context can be viewed as the
production rate of the system.

4series e = 060 @169 @ ... represents an infinity of tokens at time ¢ = 0.

SNote that another library which handle ultimately pseudo periodic
functions is under development, see [5].

RO
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time t
Fig. 2. Series s, s’, s OF s’ and s ®” &'.

monotonic series lower than or equal to s”, and dually s®° s’
can be obtained by considering the lowest monotonic series
greater than or equal to s”.

Hereafter asymptotic slope resulting from operations be-
tween series is given. If v,/ # 0 and 7,7’ # 0, then

Ooo(s®8") = min(ouo(s),000(s")),
Oo(5®5) = min(0s(8),000(5")),
Too(8@8) = 0co(8) +000(s),

if ' < s then oo (5 " 8') = 00 (8) — Too(s’),
if 000 (8) < 00o(8") then 0o (s OF 8') = 000 (8) — 0o ('),
if 000(8) < 000 (8) then 040 (8'8s) = 000 (8), else s'ys = e.
Example 2: Let s’ = @462 @85t and s = e P 25% P
765 @ 1367°° be two series representing counters of events.
Series s’ can be read as no event has occurred until time
t = 3, 4 events have occurred until time ¢ = 8, and 8 events
until time ¢ = +o0, that means that the following events have
never occurred. Figure 2 proposes a graphical representation
of s, s, sOVs = e®202®76° @ 96T and s &° & =
e ® 252 @ 38° @ 561°°. Furthermore, it can be checked that
(s ) O s =e®20? D75 ©116° @ 136° @ 176+ is
lower than s and dually that (s ©°s') © 8’ = e® 262 ®35° @
78° @ 968 @ 1367°° is greater than s.

V. MAXIMAL FLOW FOR LINEAR SYSTEMS

The problem addressed now is to compute the lowest
output of a system made up of several SISO sub-systems, in
the presence of cross-inputs, and the greatest input allowing
to achieve this lowest output. First, the case of one interfering
input is considered and algorithms, which generalize the
approach, are given in a second step.

A. One interfering input on a SISO system

Figure 3 depicts the system studied. Two inputs a; and ag
put tokens in a system which is characterized by a transfer
relation denoted (3, then the system output is given by :

y=0® (1O ay).
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Fig. 3. A system with two convergent inputs.

Trajectories a1, ao, v and y are depicted by series of
Nyin[0]. Input o and output y = [u are assumed to be
known. The problem considered is to compute the greatest
input «; which must be added to «s in order to achieve
output y. Furthermore the flows are assumed to be blindly
multiplexing, roughly speaking this means that the worst case
must be considered for input «; (see [20] for a discussion
in the network calculus context).

Then, this problem consists in computing the greatest
aq such that B(a; ® ag) < y. Thanks to corollary 1 and
proposition 2, this input is given by :

D

{z|B(zOa2)=2y}

As said previously, for a SISO system, the best output (the
lowest series) is given by the impulse response y = (3, and
the greatest input allowing to achieve this output is given by :
080 (see equation (11)). Therefore, by considering equation
(12), the greatest series a;; which leads to the lowest output
y = [ is given by :

a1 = (B80) OF az. (13)

This bound characterizes the minimal number of tokens
which must be added to s to obtain output y = (3, it is
not necessary to introduce more tokens, they would not be
processed by the system, in other words «; is the maximal
flow which can be added to this system.

/>|]
\ﬂ 2

Fig. 4. A system with two divergent outputs.

z = (Bry) OF as. (12)

a1 =

oy
o

Y
-0

Figure 4 presents a dual problem to the previous one. The
output of a system y = [u is assumed to be known, a part
of the output flow is devoted to output ao. This output is
assumed to be known and satisfying condition as > y. The
problem arising is to know what maximal flow a; can be
achieved. This problem can be expressed as the computation
of the lowest series «; which is such that (a1 @ az) = vy,

formally:
a1 = /\ x.
{z|(a20z) =y}
Conditions about dual residuation of the Hadamard product
being fulfilled (see proposition 3), the lowest series is given
by :

a1 =y & as. (14)

It characterizes the maximal flow which can go towards
output o while preserving output .

B. Several interfering inputs on several SISO sub-systems

Now, let us consider a principal flow o!***), crossing

sub-systems [, ..., 3, in that order. Let a(%4) be the input
interfering with a{"***), in the front of sub-system By with
de{l,..,n} and let a(-¢4) be the output leaving the system
after sub-system 3, with ¢ € {1,..,n}.

For each stage i, the system input is denoted u; and the
system output is denoted y; = ;u;. Secondary inputs (%)
and outputs o(+¢!) are assumed to be known.

On each node, the flows are linked by a kind of monotonic
version of the Kirchhoff law, which can be expressed as
follows:

yi © a0 @ el (15)

The following condition is assumed to be fulfilled
al+¢) = (y; © al*+1)) it means that the flow leaving the
node is lower than or equal to the flow coming in the node.
Therefore the lowest input w,;4; satisfying equality (15) is
given by (see equation (14)):

Uit1 = (y; © a(si“")) @ aled, (16)

This signal represents, at each time ¢, the maximal number
of tokens which can go towards w;;;, while preserving
output (€,

Dually, the greatest output y; satisfying equation (15) is
given by :

Yi = (Uig1 O a(-,ei)) of s+ (17)

This signal represents, at each time ¢, the minimal number
of tokens which are necessary to satisfy equality (15).

The signal due to the principal flow in the front of
system (3; is denoted ay;. By considering, in a first step,
that the principal flow is characterized by an impulse input,
i.e. 11 = e, it is possible to compute recursively system
inputs u;, system outputs y; and to obtain the lowest signal
aq(n41) characterizing the maximal instantaneous flow
which can go towards this output (see forward algorithm 1
based on equation (14)).

Algorithm 1: Forward computation of the lowest princi-
pal output avy(p41)

Data: Series [3;, asi) qloe),
Result: Series u;, i, aq(nt1)-

begin
up = b)) @e;
Y1 = Bru;

for:=2toi=mndo
L u; = (yim1 © als)) O ale-v);
Yi = Biug;
a — b (-7en)
1(n+1) — Yn (Oxe’ .

end

Conversely, by considering the backward algorithm 2,
based on equation (12), it is possible to compute the greatest
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Fig. 5. A system with two interfering inputs.

input a1 allowing to satisfy the lowest output oy (y,41). This
signal characterizes the minimal number of tokens which
must be introduced in the system to obtain output oy (,41),
it is not necessary to introduce more tokens, they would not
be processed by the system.

Algorithm 2: Backward computation of the greatest
principal input a;;.

Data: Series [3;, u;, a5, (€, O (n41)-
Result: Series a;.

begin
Yn = Q1(n41) O al-en);
Up = ﬂnx(yn 5

fori=n—1ti=1do
L yi = (Uip1 © a(~7€i)) of qlsi+1s) :
u; = BiXyi ;

11 — Uy @ﬁ Oé(sl").

end

Figure 5 depicts the system studied to illustrate the results.
The system is composed of three sub-systems of which
transfer are assumed to be given by :

B = (0 @ 16%)(20%)%, B = 6°(265)*, B3 = §7(84°)*.
Secondary inputs and outputs trajectories are assumed to
be known. The upstream input of system 1 is given by
al) = e @ 2610 @ 46" @ 561°°, the upstream input of
system 2 is given by a®>) = e @ 16° @ 2615 @ 361°°,
the downstream output of system 2 is given by a(-¢2) =
5602518046265 T°° and the downstream output of system
3 is given by a(*3) = §30 1633 ©26%° @ 351°°. Algorithm
1 allows to compute the lowest series for the principal flow:
a4 = ((536 D 1(537)(2(56)*.

Algorithm 2 yields the greatest series allowing to achieve
a4 while preserving secondary outputs:

Q11 = 66 D (1524 D 2(528)(256)*

VI. CONCLUSION

In this paper is computed the maximal flow which can
be added to a system composed of many (max,+) linear
subsystems with exogenous inputs interfering in additive
way. The next step will be to compute the maximal flow
in a network of (max,+) systems. Usually the networks
considered are with constant capacity. Therefore this results
would be a generalization of the classical case (see [9)]).
An avenue is to formalize this problem such as a constraint
satisfaction problem (see [13]).

ACKNOWLEDGEMENT

The authors are grateful to V. Reverdy for her valuable
linguistic help.

[1]

[2]

[3]
[4]

[5]

[6]

[7]

[8

—

[9]
[10]

[11]

(12]

[13]
[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

REFERENCES

F. Baccelli, G. Cohen, and B. Gaujal. Recursive equations and basic
properties of timed Petri nets. J. of Discrete Event Dynamic Systems,
1(4):415-439, 1992.

F. Baccelli, G. Cohen, G.J. Olsder, and J.P. Quadrat. Synchronisation
and Linearity: An Algebra for Discrete Event Systems. John Wiley
and Sons, New York, 1992.

T.S. Blyth and M.F. Janowitz. Residuation Theory. Pergamon Press,
Oxford, 1972.

J.L. Boimond, L. Hardouin, and P. Chiron. A Modeling Method of
SISO Discrete-Event Systems in max Algebra. pages 2023-2026,
Roma, 1995.

A. Bouillard and E. Thierry. Optimal routing for end-to-end guar-
antees: the price of multiplexing. Discrete Event Dynamic Systems,
18:3-49, 2008.

G. Cohen, P. Moller, J.P. Quadrat, and M. Viot. Algebraic Tools
for the Performance Evaluation of Discrete Event Systems. IEEE
Proceedings: Special issue on Discrete Event Systems, 77(1):39-58,
January 1989.

B. Cottenceau, M. Lhommeau, L. Hardouin, and J.-L. Boimond.
On Timed Event Graph Stabilization by Output Feedback in Dioid.
Kybernetika, 39(2):165-176, 2003.

S. Gaubert. Théorie des Systemes Linéaires dans les Dioides. These,
Ecole des Mines de Paris, July 1992.

M. Gondran and M. Minoux. Graphes et algorithmes. Eyrolles, Paris,
1979. Engl. transl. Graphs and Algorithms, Wiley, 1984.

L. Hardouin, B. Cottenceau, and M. Lhommeau. Soft-
ware Tools for Manipulating Periodic Series. http://www.istia-
angers.fr/"hardouin/outils.html., 2001.

L. Hardouin, E. Menguy, J.-L. Boimond, and J.-L. Ferrier. SISO
Discrete Event Systems Control in Dioids Algebra. Special issue of
Journal Européen des Systéemes Automatisés (JESA), 31(3):433-452,
1997.

B. Heidergott, G.-J Olsder, and J. van der Woude. Max Plus at Work
: Modeling and Analysis of Synchronized Systems: A Course on Max-
Plus Algebra and Its Applications. Princeton University Press, 2000.
L. Jaulin, S. Ratschan, and L. Hardouin. Set computation for non-
linear control. Reliable Computing, 10:1-26, 2004.

J.-Y LeBoudec and P. Thiran. Network Calculus. Springer Verlag,
2002.

M. Lhommeau, L. Hardouin, and B. Cottenceau. Disturbance De-
coupling of Timed Event Graphs by Output Feedback Controller.
In WODES’2002, Workshop on Discrete Event Systems, Zaragoza,
Espagne, Octobre 2002.

C.A. Maia, L. Hardouin, R. Santos-Mendes, and B. Cottenceau. On
the Model Reference Control for Max-Plus Linear Systems. In 44th
IEEE CDC-ECC’05, Sevilla, Spain, 2005.

C.A. Maia, R. Santos-Mendes, and L. Hardouin. Some Results
on Identification of Timed Event Graphs in Dioid. In 7/th IEEE
Mediterranean Conference on Control and Automation, MED’2003,
Rhodes, Grece, Juin 2003.

MaxPlus. Second Order Theory of Min-linear Systems and its
Application to Discrete Event Systems. In Proceedings of the 30th
CDC, Brighton, England, December 1991.

E. Menguy, J.-L. Boimond, and L. Hardouin. Adaptive control for
linear systems in max-algebra. In 4th International Workshop on
Discrete Event Systems, WODES’98, pages 481-488, Cagliari, Italie,
Aoiit 1998.

J.B. Schmitt, F.A. Zdarsky, and I. Martinovic. Performance bounds
in feed-forward networks under blind multiplexing. Technical Re-
port, http://disco.informatik.uni-kl.de/publications/SZMO06-1.pdf, (349-
06), 2006 .

G. Schullerus, V. Krebs, B. De Schutter, and T. van den Boom.
Input signal design for identification of max-plus-linear systems.
Automatica, 42(6):937-943, June 2006.

B. De Schutter and T. van den Boom. Model predictive control for
max-plus linear discrete event systems. Automatica, vol. 37(7), July
2001.



