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State Estimation of Timed Labeled Petri Nets with
Unobservable Transitions

Philippe Declerck and Patrice Bonhomme

Abstract—The aim of this paper is to reconstruct the
least/greatest sequence of unobservable transitions imied Petri
nets based on the on-line observation of firing occurrencesfo
some transitions on a sliding horizon. The Petri net, which

can be unbounded and can contain self-loops and circuits, is

described under an algebraic form composed ofA.z < b which

expresses the possible time sequence and the fundamental
marking relation. Under the assumption of Backward/Forward

Conflict Freeness of the unobservable-induced subnet, we @i

the existence of a finite least/greatest sequence with regpdo

the data known on a given horizon. A technique of computation
using linear programming is given.

Note to PractitionersAbstract—In many processes, it is not
always possible to associate a sensor with each state due ket
cost and the physical location. In most control applicatios, not
all state variables are measurable. This characteristic aa be

these transitions are called unobservable or silent. Ttwere

the set of transitions is then partitioned iffR = T Rps U
TR., WwhereT R, is the set of observable transitions while
TR, is the set of unobservable ones. For a sequence (word)
w observed on a given horizon, the aim is to compute firing
sequences of unobservable transitions necessary to cemple
w into a fireable sequence of the Petri net consistent with its
past evolution.

In this paper, we focus on an on-line estimation approach
based on a sliding horizon by considering a sequence of
observable events at each step of the estimation on a time
horizon. This means that after the computation of the state
estimate on a given horizon, the horizon shifts to the next
sample, and the estimation of the state estimate is redtarte

found in many discrete event systems such as manufacturing ysing known information of the new horizon. The interest in

systems, microcircuit design, transportation systems, ahthe food
industry. The variables in discrete event systems expresv@nts
such as the beginning/end of a task, the departure/arrival ba
train at a railroad crossing, etc. However, the unknown datacan
be crucial for the control system which supervises the procs. In
particular, the knowledge of the timestamps of these past ents
allows future actions to be determined. The technique propsed
in this paper is based on a specific calculation of the unknown
numbers of events by using the known data on a sliding horizan

Index Terms—Petri nets, Time, Observer,
programming

Lattice, Linear

I. INTRODUCTION

such estimation methods stems from the possibility of dgali
with a limited amount of data, instead of using all the infor-
mation available from the beginning [5]. In this framework,
we focus on the estimation of the least (respectively, gstat
sequence of a timed labeled Petri net system based on the
observation of transition labels which are time events &mhe
transition. Coherent with the vocabulary used in lattidhss
least (respectively, greatest) sequence (if it existdpis ealled
minimum (respectively, maximum) sequence and is unique by
definition.

Let us illustrate these different sequences by analyzieg th
schedule of planes in an airport. Two companies 1 and 2
operate a shuttle service between Paris and London with a

In the framework of discrete event dynamic systems, thgique plane 1 and 2 respectively. Numdér2,...,7} the
observability and the observer design problem have redeivgays of a week and note;(¢) the number of past stops of

much attention over the last few years, particularly frone&iP

planei at the end of the day. If plane 1 can get to the

net_ point of view. In most control_app_lic_ations, not a_II statairport twice, and plang three times on a given day (Monday)
variables are measurable: In practice, it is not alwaysibless ¢ = 1, then planel has the lowest frequency. Indeed, we have

to associate a sensor with each state. In the classicalnsystg (t = 1) = 2 < z5(t = 1) = 3. Moreover, we consider the

theory, this partial knowledge of the system state has led |ast sequence with respect to the componentwise order. Now
the introduction of observers in order to estimate thes@staconsider an airport which chooses between company 1 and
that cannot be measured directly. In the field of Petri néts, tcompany 2 each day with respect to the frequency of the stops.

general objective of the estimation can be defined as folliws Suppose that the possible schedules are as foliqiis) = 2,
is assumed that a certain number of transitions are labetéd Wy, (1) = 4, z;(2) = 5 and z2(2) = 3. The least number of

the empty strings, while a different label taken from a givenoccurrences of the planesis(1) = 2, andz,(2) = 3 which

alphabet is assigned to all other transitions. As the firinipe

is the least sequence with respect to the componentwise orde

transitions labeled with the empty string cannot be obskrvat is also the least efficient solution for users but limitg th
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deterioration of the airport and the related cost. Symroaity,
the greatest sequencezig(1) = 4 andz;(2) = 5 which is the
most efficient solution for users. It also leads to the optima
earnings of the airport corresponding to the landing feed pa
by the aircrafts for landing.

We now consider the following pedagogical problem where
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the time unit is a minute which is more suitable for théength of the observed word [8].

description than a day. Let us assume that a person in Pari®ifferent variations of the state estimation problem for
observes that 10 planes coming from London have landedliscrete Event Systems can be distinguished. An issuesarise
time 600 minutes or before. A maintenance departmentwhen the labeling function that assigns to each event a label
London can use this observation. Indeed, we can concludenon-injective (i.e. transitions share the same labefimid
that at least ten planes have taken off from London at tim@on-deterministic transitions’ in some studies, this mea
600-Tp minutes wherd, p is the travel time from London that an event occurrence may not be distinguishable from
to Paris. So, the least number of plane take-offs from Lonslonthe occurrence of another different event [20] [17]. Anothe
ten at time 606-7, » minutes. If each plane has been checkedhriation is to consider that the Petri net is equipped with
before its take-off, we can estimate the minimum activity afensors that allow observation of the number of tokens in
the maintenance department and the relevant invoice gwingome places [16]. Similar to the state estimation problem
(guaranteed) minimum sum. Moreover, at the most 10 planesautomatic control for continuous systems (Kalman filter,
have taken off at time 650 minutes or before at Paris if weuenberger observer), we can also consider that the gjartin
assume that each plane stays at the airport at least 50 minyteint of the system evolution is unknown. In this paper, we
We can conclude that the greatest number of 10 planes haeasider that the initial counter(¢t = 0) is unknown. This
landed in London at time 6507 »;, minutes wherd'p;, is the problem is also considered in [5] developed in the algebra of
travel time from Paris to London. It could be lower: A pilotdioids which presents an estimation approach for Time Event
can decide to return or to land at another airport for tecinidGraphs with complex synchronizations such as P-Time Event
reasons. The least number of landings is zero in the woGtaphs and Time Stream Event Graphs. Considering non-
case. Based on the greatest estimated number of landingddnnded Event Graphs, the approach uses a receding-horizon
London (the highest estimated frequency of the air flee®, tiestimation of the greatest state, and analyzes the comsjste
relevant invoice giving the (optimistic) maximum sum can bef the data. Following the same strategy, we consider simple
made. Note that the manager of the maintenance departm@mtchronizations but more complex incidence matricesis th
can also estimate the maximum activity of the maintenanpeoposed paper. Note that the state considered in [5] is not a
and the working hours of the employees if more observationsctor of sequences (also called counter) but a vector esdat
are used. of the transition firing (also called dater [10]) which pretsea

Let us briefly put our contribution into a general contextluality with the counter form. Another state (a pair compgbse
and give some related works. A more extensive synthesifa marking and firing temporal interval) is also used in [7]
about state estimation problems and fault detection usétig P where model checking is applied to acyclic unobservable tim
nets and automata models can be found in [9] and numerdretri nets.
references can be found therein. A possible approach is tdn this paper, the net structure and the initial marking are
build an automaton observer for a Petri net model which &sumed to be known. The net is assumed to be live. We
a deterministic automaton whose set of events is repratenddso take make the assumption that the algebraic model of
by the set of labels of the observable transitions of thei Pettne timed Petri net described in this paper is ‘time live’ or
net [2] [18]. The states of the automaton store all the Petrdonsistent, that is, it presents at least one time sequenoeyd
net markings that can be reached from the initial markirthe application of the on-line approach. We finally assume
which is assumed to be known. An issue that arises withat the firing of the different observable transitions can b
building an observer automaton is that in the worst casedistinguished (a prospective study is to analyze the proble
has exponential complexity in the number of states of tiwehen different transitions share the same label). The firing
original model [11] [15]. Moreover, the state space of thef the transitions can be simultaneous. No fluidificationhaf t
marking is possibly infinite. The starting point of the satat Petri net model is considered in this paper. As in [10] [4][5]
in [18] is a finite state machine which is assumed to be withoahd the relevant examples, the assumptions of the noreitycli
an unobservable cycle. The technique using an automatord boundedness of the Petri net, which are common in many
observer also requires that the set of consistent states npapers, are not made. The presence of circuits in the Pétri ne
be explicitly enumerated. As the set of estimated markingses not affect the results of this paper (nor our past papers
can be huge, and the on-line calculation of this set can H#ferent fields) because we take time into consideratioth an
computationally prohibitive, a reduced observer automaso choose an algebraic modeling based on a specific state called
described in [12]. ‘counter’ (or ‘dater’ in other papers).

A second class of approaches directly considers the markingrhe paper is organized as follows: The following section
and is often based on an algebraic description of the statesppresents basic notions of Petri nets and lattice theory. We
which does not require to be enumerated. An advantage is then show that the timed Petri net can be described by an
possibility to adapt the general results of linear prograngm algebraic model which is analyzed in the subsequent sexction
to Petri nets. In [8] [17], the algorithm reconstructs th&he next section introduces different theoretical resutigch
sequence of unobservable transitions, allowing the oeose show the existence of the least and greatest solutions under
of an observable event. Under the acyclicity assumption séme assumptions on the structure of the unobservabletsubne
the unobservable subnet of the system, the set of markirigjeally, an estimation approach based on linear programmin
consistent with the observed word is represented by a linésuproposed. The case of contact-free unobservable ti@msit
system with a fixed structure that does not depend on tiseconsidered. We also discuss the cyclicity and give Exampl



JOURNAL OF ETEX CLASS FILES, VOL. 6, NO. 1, JANUARY 2013 3

1 with a self-loop. Finally, Example 2 containing circuitsz(t = 3) = 1 andz(t = 5) = 2 but alsoz(t = 4) = 1 and

illustrates the approach. x(t="7)=2.
Timed Petri nets allow the modeling of discrete event
1. PRELIMINARY systems with sojourn time constraints of the tokens indige t

Iplaces. Each placg, € P is associated with a temporization
il“l € N. Its initial marking is the entry of the vectorM, which

is denoted by(M));. A token remains in placg; at least for
time T;. Assuming that the tokens of the initial marking are
immediately available at= 1, the evolution can be described
by the following inequalities expressing relations betwéee
firing event numbers of transitions. For each plagewe can
write that the output flow of tokens at timec N* is lower
than or equal to the addition of the input flow and the initial
marking of p;.

In this section, we refer back to the formalism of Pet
nets. The notationX| is the cardinal number of the sef.
A Place/Transition net (&°/TR net) is a structureN =
(P,TR,W* W~), whereP is a set of| P| places and'R is
a set of|T'R| transitions which are denoted hy (notation
t corresponds to the current timé&; to the temporization
of placep; € P, and T to the transposition of a matrix).
MatricesW* andW ~ are|P| x |T R| post- and pre-incidence
matrices ovelN where each row € {1,...,|P|} specifies
the weight of the incoming and outgoing arcs of plage P
respectively. The incidence matrix i = W+ — W~. In
this paper, we consider that the weight of each arc is unitary in(t) < Z it —T1) + (Mo)u @)
which implies thatV;; € {—1,0, 1}. The preset and postset of ‘EP et
anodeX € PUTR are denoted by X and.X* respectively.  In this inequality, each weight of z;(¢t — T;) (respectively,
The marking of set” is a vectorM € NI”I that assigns to 1 of z;(¢)) corresponds to the weight of an incoming arc going
each place of &/T R net a non-negative integer number ofrom input transitionz; to placep; (respectively, the outgoing
tokens, represented by black datg; is the marking of place arc going from place; to output transitionr;) which is equal
pr with 1 € {1,...,|P|[}. A net system(N, M) is a netN to W, (respectivelyW;).
with an initial markingMy, = M (¢t = 0). After applying a technique described in [10] , the set of the

This part briefly recalls lattice vocabulary (see Part 4.3drevious inequalities can be expressed in the following way
of [1]). This paper deals with partial ordet defined on set such that the temporization of each place is equal to zero or
R™ which is defined componentwise: < y if and only if one:

x; <y, Vi € {1,2,...,n}. The greatest (respectively, least)
element of a subset is an element of the subset which is greate a - ( a(t —1) ) < M, )
(resp., lower) than any other element of the subset. If btexi (t) -

?t is unique. The QreatGSt (resp., least) e]e_ment of a SUbse\1}vhere the'” row of G contains the weights of the incoming
is alﬁo caIIIed maX|mfum eltla)ment (resp_., minimum element 9hd outgoing arcs of plage: Roughly speaking, the general
s::na estbe ement) OI a subset. A majora_rln (t;elsp., minoragil4 in [10] is to split each plage associated with a tempo-
of a su sc_et IS an element not necessarlly belonging to tﬁ?ationTl > 1 into T} places, such that the temporization of
subset which is greater (resp., lower) than any other eIEm%r&Ch place is equal to one. Matiix= |G, Go] has an order

of the subset. If a majorant (resp., minorant) belongs to tfcrﬂ « 2.|TR|) and the submatrice§; and G, are defined
subset, it is the greatest (resp., least) element. The Uymoerd as follows:

., the | bound) is the least majorant ., gskat . _
(resp., the lower bound) is the least majorant (resp., gsea e The row! € {1,2,...,|P|} of matrix G; for i € {0,1}

minorant). Sup-semilattice (resp., inf-semilatti¢®) <) is an ) : . . .
) P (resp (@) <) contains the unitary weights of the incoming arcs of place

ordered set? such that there exists an upper (resp., lower) ith t ization (T) — 0 or 1). with i .
bound for each pair of elements. It is called a lattice if it is pi With temporization (T} = or ), with negative sign
(usually expressed by the entries-ef// ).

both an inf-semilattice and a sup-semilattice. . : ! .

« In addition, the rowl of matrix G, contains the unitary
weights of the arc outgoing from plage, with positive
sign (usually expressed by the entrieslif).

With language misuse, each transition and its correspgndin Note that an inequality using ‘dater’ in the space of real
at timet. Called a ‘counter’, the number of events which argith (2), does not directly allow the deduction of the magkin

the firings of the transition is denoted byt). In this paper, a7(¢) from the fundamental relation of marking, contrary to
time is discrete { € Z) and the occurrence of each event ighe counter form used in this paper.

synchronized with an external clock. Assuming that the &s/en

can only occur at > 1, we havex(t) = 0 for ¢t < 0. For

anyt € N*, it may be that no event takes placetat single o
event happens 4t or several events occur simultaneously # Objective
t. Remember that it leads to non-decreasing sequences. Fdrhe aim is the estimation of the sequence of numbers of
a given transition, the arrival of two events at times 3 artdansition firings and markings by considering system (2) fo
5 implies that the sequence of numbers of events startingbat {t — h + 1,t — h+ 2,...,t} whereh € N* is the horizon

t = 0 and finishing at = 7is 0, 0, 0, 1, 1, 2, 2, 2, that is, of the sequence estimation. Les,(0) (respectively,.(6))

I1l. M ODEL

IV. SEQUENCE ESTIMATION
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be the subvector of the state vectdp) such that the relevant
transitions belong to the set of observable transitidig,,s
(respectively, unobservable transitioifs?,,,,). The objective

Finally, the solution space of the Petri net is characterize
by the following polyhedron

for each timet is the estimation of the least (respectively, A-xyn <b (7
greatest) estimate sequence denoted:hy(9) (respectively, A, Cy — By - %o
zi,(0)) for 6 € {t — h,t —h + 1,..,t} knowing the ... , _ As | andb = | 0h1rm " The
observable state vecter,s(#) in the same window. Knowing As "1 un X

nx

this sequence, the relevant markings are directly deduoed f 4imensions of mafrixt and column vectob are respectively
the fundamental marking relation. (n+ h.(|P| + |TRun|) X n) and @ + h.(|P| + [T Run|) X 1).
After an adequate permutation of the columns of the in-
cidence matrixW = ( Wos W ) With respect to the
observable/unobservable transitions, each estimatedimgar

B. Solution space
System (2) for tim& € {t —h+1,t —h+2,...,t} can be

rewritten as follows:

of the Petri netM (9) for 6 € {t — h,t —h +1,...,t} based
on the observation,;s(0) satisfies

o ) (5 0)5 g weower(R) e
My — ( Giobs Goobs ) - ( izl;zgz)_ D) ) wherez,,,,(0) is a subvector ok, satisfying (7).

Remark 1: System (7) can be completed to handle the
after an adequate permutation of the columns of maase where the initial marking is not completely known but

trix G with respect to the observable/unobservable trangelongs to a finite set of possible initial markings definediby

tions: The columns of( Gi.un Goun ) (respectively, of polyhedrond, M, < bs. So, vectorM, becomes an unknown

( Giobs Goobs )) correspond to the unobservable transdata in (7).
tions (respectively, to the observable transitions).

An equivalent form describing the set of trajectories oty (7) which completely describes the different trajeisr

horizonh is as follows:

Therefore, the spirit of the paper is to deal with the inequal

of the Petri net. In the following parts, we show that the
concept of componentwise order can give the least and gteate

Av-Xun < C1 = B - Xobs ) estimates of the trajectories if we add some assumptions.
with
Tyun(t — h) Tops(t — h) .
Tun(t — h +1) Zops(t — h + 1) C. Analysis
Xun= | P ETRED ] xppem | T ETRED 4y 1) Structures:
iungi)* D iZEi)ﬁ D Definition 1: Given a netN = (P,TR,W+,W~), and a
Grun  Gomm 0 0 0o subsetlI’R’ C TR of its transitions, thel'R’-induced subnet
0 Grun  Goun 0 0 of N is defined as the new ne¥’ = (P, TR, W W~')
0 0 0 Goun 0 where W+’ (respectively, W ') is the restriction of W+
0 Yo % , Ctun Coun 0 (respectivelyW ) to P x TR'. The netN’ is obtained from
0" Gt Goore ... 0 0 N by removing all transitions iT R\ TR'.
B = 5 . . Gl and We now consider the TR,,-induced subnet
0 0 0 Crope Go.ons (P,TRyn, W, W~') which is associated with the
%2 unobservable transition§'R,,,. The following definitions,
cr=| ... but not the concept of time sequence described above, are
Af‘gg also considered in [8] where the Petri net is untimed.

The dimension of vectok,, is denoted byn = (h +
1).|TR.,| while the dimension of vectox.s is (h +
1).|TRops|- The dimensions of matricesl;, By, C; and
column vecto; = Cy — By -X.ps are respectivelyi(.| P| x n),
(h.]P| x (h+1).|T Rops|), (h.|P] x 1) and (.| P| x 1). In addi-

tion, below we express that the trajectories are non-dsitrga
—h+1,t—h+2,..,t}

that is,z,, (0 —1) < zy,(0) for 6 € {t

Definition 2: The TR,,,-induced subnet is Backward Con-
flict Free (BCF), i.e., any two distinct unobservable tréioss
have no common output place.

Definition 3: TheT R,,,,-induced subnet is Forward Conflict
Free (FCF), i.e., any two distinct unobservable transgioave
no common input place.

2) Extremum solutionsConsidering &' R,.,,-induced sub-

which can easily be rewritten under the form of a polyhedrdiet, we now focus on the existence of a least/greatest éstima

Az - Xun < 0 TR0 x1

®)

where the dimension of matrids is (h.|T Ry,| X n). More-

over, we have
A3 * Xun S Onxl

(6)

where A3 = —I,.x, as the trajectories are non-negative

trajectory in our practical problem. We make the connection
between the important structures of Petri nets and the mathe
matical definitions defined in Section II.

Definition 4: The system of linear inequalitied.z < b
is inf-monotone (respectively, sup-monotone ) if each row
of matrix A has one strictly negative (respectively positive)
element at most.
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Let " be the solution set of an inf-monotone (respectivelgan be determined. The above relations also show a backward
sup-monotone) syster.x < b. SetIT" is an inf-semilattice propagation through time with a deldy for each place, as
(respectively, sup-semilattice) since each pair of eldmbas shown in the above relation, that is, we dedug@ —T;) from
an lower (resp., upper) bound. Moreover, the following leenmz;(#). Note that the variables must also satisfy inequalities
guarantees thdt has an extremum element, that is, a least af;(6) > x;(6—1) (expressed by (5)) which follow the opposite
greatest solution which belongs¥o In our practical problem, direction through time, that is, we deducg®) from z;(6—1).
it implies the existence of a least/greatest estimateddtajy Finally, this resolution generates a minorant and natyrdie
satisfying (7). constraint propagation on the complete set of inequal(fi¢s

Lemmal: [3]. Let T be the solution set of an inf-monotonegives the greatest minorant which is the least estimate.
(respectively, sup-monotone) systetrr < b. Setl hasaleast Let us now also sketch the determination of a majorant in
(respectively, greatest) element if the set is non-emptylas the case of a FCH'R,,-induced subnet. LePrcr be the
a minorant (respectively, majoraniL set of placep, € P having a unique unobservabtaitput

Theorem 1: In a BCF TR,,-induced subnet, the leasttransitionz; € p?. For each place, € Prcr With Ppor C
estimatex,,, exists overR. In a FCFT R,,-induced subnet, P, the relevant relation in system (4) can be rewritten as
the greatest estimate exists overR if x,, has a finite

majorant. s®)< Y a6 -T)+ (M)t

Proof. When theT R,,,,-induced subnet of the considered z;€°p1|2; €T Run (10)
Petri net is BCF (respectively, FCRhe analysis of system (3) > z;(0 —T7) — > z;(0)
shows that each row of matrix G1,un  Go,un ) (and matrix @€ pi|z; €T Robs 2;€p}|2; €T Robs

A, consequently) has one strictly negative (respectivelg; pGor 9 ¢ {t —h+1,t —h+2,.,t with T, = 0 or
itive) coefficient at the most. The same remark can be magle— 1. Therefore, a determination of the majorant following
for (5) and (6). So, system (7) is inf-monotone (respedfivelihe direction of the arcs through the Petri net and startiogf
sup-monotone). It implies that the solution set of (7) is @nown data can be made. It is also made with a délafor
inf-semilattice (respectively, sup-semilattice). Moren the each place as shown in the above relation. This resolution
assumption of time liveness shows the existence of a staigh also be completed by inequalities(d) < z;(6 + 1)
trajectory and the set is non-empty. Finalky,,(¢) = 0 for  (expressed by (5)) which follow the opposite direction tigb

0 €{t—h,t—h+1,..1t}is aminorant of the set since thetime. As above, the constraint propagation on the compéte s

initial condition is (¢ = 0) = 0 and the trajectory is non- of inequalities (7) gives the least majorant which is theaggst
decreasing. The application of Lemma 1 shows that the leastimate.

estimatex,,, exists overR in a BCF T R,,-induced subnet.  cyclicity
In the case of a FCH'R,,-induced subnet, the reasoning is | et us note that we do not use a condition of acyclicity in
similar but the assumption that,,, has a finite majorant mustthe previous results: The variables of &,,,-induced subnet
be added as there is no obvious majordit. can have a minorant even if it contains some circuits or self-
3) Minorant and majorantin this part, we consider the de-Joops which lead to null rows in the incidence matiix.
termination of the minorant and the majorant used in Theorgfdeed, the resolution does not strictly follow the paths in
1 showing the existence of extremum solutions. Let us d&cuge Petri net but a sequence of relations in the correspgndin
the minorant in the case of a BCFR,,-induced subnet. inequality system, where not a unique variable, but a set of
Remember that it is an element not necessarily belongingvgriables{x; (), z;(0+1), z;(A+2), ...}, is associated to each
the subset. Note that the least trajectory exists even thall transitionz;. Roughly speaking, the consideration of counters
transitions of the Petri net are unobservalié?(= T'R.»). leads to ‘open’ the circuits of the Petri net. Moreover, the
The minorant(x,,,); = 0 which is independent of the Petrigeneral condition® < z;(#) andz;(f) < z;(f + 1) must be
net in the above theorem is clearly not a satisfactory antwersatisfied. The following observer on an elementary Petri net
the problem. Consideration of the following relations g\ illustrates this point: The approach can consider a self-lo

more efficient minorant. LePscr be the set of placgs, € P which is expressed by an algebraic relation.
having a unique unobservahilgut transitionz; €°® p; . For Example 1

each placey, € Pgcr With Ppcor C P, the relevant relation

in system (4) after some elementary transformations besome ” B
a:l(G—Tl) Z Z :CJ(G) — (M())l—F ®Q X4 @ Ixz
xj Gpl"IjGTRun 9
Z xj(H) — Z :Cj(b’ — Tl) ( ) Fig. 1. Example 1: elementary P-timed Petri net with a s@fpl (the
z;€p? |z, €T Rops 2;€%p1|2; €T Rops observable transition is2).
for0 e {t—h+1,t—h+2,.,ttwith T, =0orT; = 1. In the Petri net given in Fig. 1, each place is associated with

Variablez;(6—1;) has a finite minorant which is the right-handa temporization equal td second. The inequalities relevant
term of the above inequality if each variablg(d) for x; € p?  to placesp; and p, of the Petri net in Fig. 1 are,(t) <
with z; € TR, also has a finite minorant. Applying thex;(t — 1) + 1 andz2(¢) < z1(¢t — 1) + 2. Below, underlined
above backward propagation through the Petri net andragartsymbols like z, correspond to known data of the problem.
from known data, a finite minorant for each transitiorvat,,, We takeh = 1, t = 5 and we assume that the transition is
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observable. Let us take,(t = 5) = 3. The observer is given FCF); the weight of each incoming (respectively, outgoing)
by max(z,(0) —2,21(0) — 1) < z1(0 — 1) for 6 € {5} with arc of the subnet is unitary.

0<x1(4),0<z1(5) andz;(4) < z1(5). The least solution  Note that the BCF (respectively, FCF) Petri nets considered
is z7(4) = 27(5) = 1 andx; (4) = 1 corresponds to the in this paper are also UBCF (respectively, UFCF) as we have
smallest number of firing of; necessary to the three firings ofassumed that the weight of each arc is unitary.

transitionxy arriving at¢ = 5 or beforet = 5 : Transitionz, Theorem?2: Let theT R,,,,-induced subnet of the considered
can also use the two tokens of the initial marking of its inpiRetri net be UBCF (respectively, UFCF).

placep,. Naturally, other solutions satisfying the inequalities « The least sequences,, (respectively, greatest sequences

of the observer existz;(5) — 1 = z1(4) > 1 can be taken, x;) of system (7) inR" andN" are equal.

and the solutionz;(4) = 11 and z1(5) = 12 leads to the « The relevant extremum sequence is given by the follow-
production of ten tokens at= 4 or beforet = 4 which are ing linear programming problemnin{c.x,,} (respec-
not used byr; att =5. B tively, max{c.x,,}) such thatd -x,,, < b for anyc > 0.

Proof. The following three points shows that system (7) is
1-inf-monotone: 1) MatrixA and vector in (7) are integers
o ) as the initial markingMy, vectorx,,s and the matricesiy,

System (7) uses the forsh.z < b as in linear programming. Ao, As, By are integers: 2) System (4) is 1-inf-monotone
However, the concept of quective function has not beg& the T Run-induced subnet is UBCF; 3) The analysis of
used up to now. The following result makes the connectiQfatricesA, and A; shows that systems (5) and (6) are also
between the objective function of linear programming arél th _int-monotone. As Theorem I11.4 in [19] says that the least
componentwise order which has been used in the previgysments offzr € R" : Az < b} and{z € Z" : Az < b}
parts. In fact, the optimal solution to the estimation peobl 5. equal whem.z < b is 1-inf-monotone, the same equality
is also the solution to a special linear programming problefy|ds for system (7) which is 1-inf-monotone. In additicime t
as indicated by the following result briefly stated in [3] -[G]application of the constraint,,, > 0 expressed by system

D. Technique using objective function

This assertion is completed by the following proof. (6) implies thatz,, is overN. Therefore, the determination
Lemma2: Let A.x < b be a sup-monotone system. The the least sequence;, of system (7) can be made ovir
following statements are equivalent: since the result of this resolution is also the least secgienc

1. Setl’ = {z € RI*l|A.z < b} has a greatest element. gyer N. Finally, Corollary 1 of Lemma 2 gives a practical
2. 2 is optimal for the problemmaxz{c.z}, such that way to obtain the optimal solution which is the resolution of
Az <bforanyc> 0. the relevant linear programming problem for any- 0. The
Corollary 1: The previous equivalence between 1 and 2 igpasoning is similar for the UFCF cadl.
Lemma 2 holds if:z" is replaced byz~; the words sup-  Under the above conditions, integer linear programming is
monotone, greatest and max are replaced by inf-monotoRgt necessary and we can directly apply current algorithins o
least and min, respectively. linear programming such as simplex (although some artificia
Proof. Let ™ be the greatest element of set(assertion examples show exponential running times, in practice, and o
1). ThenVz € T,z < 2% = ca < cat asc > 0 and so, average, the simplex is efficient) or more recent polynomial
2T is also the optimal solution to assertion 2. The reverse afgorithms ([14], [13]). If theT R,,.-induced subnet is BCF
proved by contradiction. Let™ be the optimal solution and agnd not UBCF (resp. FCF and not UFCF), the uniqueness
assume that assertidnis false. Asz* € I' is not the greatest of the solution is guaranteed, but not its integer type. & th
element of sel’, there isz € I such thate £ «* thatis,3i TR, -induced subnet is not BCF (resp. FCF), neither the
with z; > (27);. Including the case wherE has no greatest uniqueness nor the integer type of the solution are guagdnte
element which can replace”, we can take: = max(z,2%) In that case, the procedure gives an optimal solution &ver
which belongs td” as the system is sup-monotone (Theoremith respect to a given criterion and not for anye > 0.
in [6]). So, there isz € T" such thatr™ < x with 2% # 2.
It implies thatc.z™ < c.z’ asc¢ > 0. Hencezt is not the V. CONTACT-FREE CASE
optimal solution to problem 2 which leads to a contradiction Let us consider system (7) without the assumption of a
Therefore, the reverse is provell. BCF and FCFTR,,-induced subnet. We now assume that
In fact, vectorz,,(t) is over the integers as each entrghe unobservable transitions are contact-free which isieéfi
expresses the number of transition firing. Let us now corapldielow.
the previous study by giving the following definitions and Definition 7: The unobservable transitions are contact-free
results. if: For any pair of transitiongz;,z;), the set of input and
Definition 5: An inf-monotone (respectively, sup-monotoneputput places of; cannot intersect the set of input and output
system of linear inequalitieslz < b is also 1-inf-monotone places ofz;; the unobservable transitions do not have self-
(respectively, 1-sup-monotone ) il andb are integers; the loops associated with them.
strictly negative (respectively positive) coefficients Afare This assumption simplifies matrid; used in system (4)
equal to—1 (respectively+1). as theT' R,,,-induced subnet is now composed of subgraphs
Definition 6: The T'R,,-induced subnet is Unitary Back-containing a unique unobservable transition. Each toof
ward Conflict Free or UBCF (respectively, Unitary Forwaro{ Giun Goun ) relevant to placep; is null except for a
Conflict Free or UFCF) if: The subnet is BCF (respectivelynique entry which is defined in one of the following cases:
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s & TABLE II
@ EXACT NUMBERS OF FIRING
&[ X1 % Ib Time ¢

6 7 8 9
z1 3 3 3 4
z2 1 1 2 2
P2 z3 1 1 2 2
TABLE IlI
Fig. 2. Example 2: P-timed Petri net with observable trémsétz, andxs. KNOWN DATA
g |6 7 8 9
TABLE | z, (3 4 4 4
SIMULATION : EVENTS AND MARKINGS Er 1 1 1 2
=5
Tmet]0 1 2 3 4 5 6 7 8 9
Events r4 T T3 X5 T4 T1 T4 T3 Tj . ..
T2 T4 X1 T2 T1 while the labele corresponds to the unobservable transitions
(1) 1 } (1] é } g ? (1) é x1, 7o andxg (i.e. T Ryy = {x1,22,23}). S0, we haver,,; =
T _ T H
M® |10 1 0 1 0 1 0 0 1 (;4, T5) and zy, = (1, x2, x3) . The events associated
00 0 1 0 0 0 0 1 0 with labela (respectivelyp) are observed at times 1, 3, 5 and

7 (respectively, 4 and 9). The following inequality is deddc
from the previous algebraic mod&¥; ., - zun (0 —1)+Goun -
« An entry of G un for i € {0,1} is equal to—1if 5 (9) < My — G1ops - Tovs(0 — 1) — Go.ons - Tops(0) fOr
the relevant transition is the (unique) unobservable inpptc (4 — 41, ¢} where '

transition of placep; with a temporization. -1 0 0 0 1 1
« An entry of Gy ., iS equal tol if the relevant transition 0 —1 0 1 0 1
is the (unique) unobservable output transition of place Glun = -1 0o o) Goun = 00 0|’
Each row of (4) relevant to the first case (second case, 0o 0 -1 0 0 0
respectively) directly expresses a minorant (majoraspee- 0 0 0 0
tively) of the firing count of each transition and the con—G ] -1 0 dc 100
sideration of all the relevant rows gives the least solution'°** — 0 o [3N9F0es =11
(greatest solution, respectively) of the problem. Thamsfthe 0 0 0 1

resolution of (4) which is a subsystem of (7) is limited to
a maximization of the minorants and a minimization of the. Estimation
majorants. An entry ofk,,, can have a least solution and a We make an estimation of

. wn att =9 and we arbitrarily
greatest solution if the_ _relevant unobservable transitsoan take = 3. In other words, we estimate the firing numbers
input and output transition of places.

of the transitions given by Table Il which is directly deddce
from Table |. Based on the observations given by Table 11l on
the window{t — h,t — h + 1,...,t} = {6,7,8,9}, Table IV

In the Petri net given in Fig. 2, th€ R,,,-induced subnet gives the least estimate;, calculated by the observer.
is BCF and presents a circuit. Each place is associated with &he numbers in bold are only deduced from the application

VI. SIMULATION (EXAMPLE 2)

temporization equal ta second. The initial marking i8/o = of the characteristic that the trajectory is non-decregsin
(1 0 1 0) .A possible evolution of the Petri net forz; (8) < z7(9), 25 (7) < x5 (8) < z5(9), and x5 (8) <
t€{0,1,...,9} is given in Table I. x5 (9). Each least estimate satisfies () < z;(#). The

estimates atl = 6 and 6 = 7 are equal to the exact data of
A. Algebraic model the scenario of this simulation. We also hawe(9) # z;(9)

and z5 (8) = z5(9) # x2(9): The estimation considers
only the observations fof € {6,7,8,9} and cannot directly
use the relations describing the timed Petri netdop 10:

The matrices of the relevant matrix mod&| - x(t — 1) +
Go - z(t) < My are:
1

— 0 0 0 0 .
0 -1 0 -1 0 Obviously, z,(10) — 1 < z1(9) and z5(10) < x3(9) cannot
G = 1 0 0 o0 0 and Go = be used sincer,(10) and z5(10) are unknown att = 9.
0 0 -1 0 0 The analysis of the inequalities shows that the backward
0110 0 propagation of the information through the timed Petri net
1 01 00
00 0 10 TABLE IV
0 0 0 01 LEAST ESTIMATES FORt = 9AND h = 3
6 6 7 8 9
B. Observer |3 3 3 3 |
The labels: andb in the Petri net correspond to the events of |11 11
the observable transitions; and z; (i.e. T Rops = {74, 75}) T3 |11 2 2
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TABLE V [5] P. Declerck and G. AbdelhalState estimation and detection of changes
MEAN ABSOLUTE ERROR FORE = 9AND h = 1T0O9 in time interval modelsDiscrete Event Dynamic Systems,  Springer
US, pages 1-16, 2012.
h 1 2 3 4 5 [§ 7 8 9 [6] H. Gabbay,A note on polyhedral sets having a least elem#tathemat-
e(h) |05 033 025 0.2 016 0.14 0.12 0.11 0.1 ical Programming, \Volume 11, pages 94-96, 1976.

[7] M. Ghazel and A. Toguyéni and P. YimState Observer for DES
Under Partial Observation with Time Petri Neiscrete Event Dynamic
TABLE VI Systems, Volume 19, number 2, pages 137-165, 2009.
SUBSET OF THE SOLUTION SPACE FOR = 9 AND h = 3 [8] A. Giua and C. Seatzu and D. Corordarking estimation of Petri nets
with silent transitions|IEEE Transactions on Automatic Control, Volume

0 |6 7 8 9 52, number 9, pages 1695-1699, 2007.

z1 | 3+k 3+k 3+k 3+k [9] A. Giua, State Estimation and Fault Detection Using Petri NeAppli-
2 | 1+k 14k 1+k 14k cations and Theory of Petri Nets: Proc. 32nd Int. Conf. onlisppons
z3 | 1 1 2 2 and Theory of Petri nets, 2008 Volume 6709, pages 419-42B1.20

[10] A. Guezzi and P. Declerck and J.L. BoimonErom monotone in-
equalities to Model Predictive ControlEEE Conference on Emerging

produces this transient period (see also inequality (9)thad Technologies and Factory Automation, pages 1310-13173.200

: : ; ] W. Hill, Control System Fundamental®iscrete Event Systems, S.
relevant comment). Symmetrically, the calculation is mad Levine editor, CRC Press. 2011,

without using the observations on the horizgf,...,5}: [12] G. Jiroveanu and R.K. Boel and B. Bordba®n-Line Monitoring
So, the observer can only use a part of the past evolution of Large Petri Net Models Under Partial ObservatioBiscrete Event

: Dynamic Systems, Volume 18, number 3, pages 323-354, 2008.
(9 € {6’ 7.8, 9}) and not the Complete evolution of the SySterEl?;] N.K. Karmarkar,A new polynomial-time algorithm for linear program-

(0 € {0,1,...,9}). Taking the mean absolute errefh) = % ming Combinatorica, Volume 4, pages 373-395, 1984,

|z;(0) — z; (0)| which is a way to [14] L.G. Khachiyan,Polynomial algorithms in linear programmingcom-
i€{1,2,3},0€{t—h,t—h+1,...,t} ¢ putational Mathematics and Mathematical Physics, Volu@en2mber
quantify the difference between the true valugéd) (Table 1, pages 53-72, 1980.

. _ [15] J. KomendaSupervisory Control with Partial Observations in Control
”I) and estimated Valuesz‘ (9) (Table IV)' Table V shows of Discrete-Event System&ecture Notes in Control and Information

that the increase of the horizon in the simulation given by Sciences series, Springer London, Volume 433, pages 63684.
Table | improves the estimation. [16] D. Lefebvre and C. DelhernDiagnosis of DES With Petri Net Models

. IEEE Transactions on Automation Science and Engineering,olurive
Table VI for h = 3 andk € N describes a subset of the 4 ymper 1, pages 114-118, 2007.

solution space satisfying the inequalities of the obseargt [17] L. Lingxi and C.N. HadjicostisLeast-Cost Transition Firing Sequence
the algebraic model. It shows that other sequences that areEstimation in Labeled Petri Nets With Unobservable Traosg |EEE

. . . . Transactions on Automation Science and Engineering, Veluln
consistent with the same observations exist. number 2, pages 394-403, 2011.

[18] H. Marchand and O. Boivineau and S. Lafortu@ optimal control of

VIl. CONCLUSION a class of partially observed discrete event systefnsomatica, Volume

. . . 38, number 11, pages 1935-1943, 2002.
In this paper, we propose to consider the time parametes] G.A. Narboni,Un cas remarquable de systémes linéaires : les systémes

in the sequence estimation of the Timed Petri net. At first, monotonesPh.D. Thesis (in french), ~ENS Cachan, 2001. ,
we show that the soluion space is completely describédl Y R a1 € HadcosteBounds on e Noher of Marinos
by a polyhedron in the general case. Secondly, we exploit on Automation Science and Engineering, ~ Volume 6, numberages
the structure of the Petri net and make the connections 334-344, 2009.
between the concept of Backward/Forward Conflict Freeness

of the unobservable-induced subnet and the concept of inf-
monotone/sup-monotone inequality. The analysis of the re-

lations shows that the resolution is not only limited to a
backward/forward propagation of the calculation throulgé t
Petri net but must also follow the constraint that the triajac
is non-decreasing. An elementary example illustrates ttreat
assumption of acyclicity is not necessary in the proposed ¢
proach. The application of linear programming and its rafev
efficient algorithms allows the estimation of the leastAfest
sequence with respect to the data known on a given horiz
We also consider the assumption of contact-free unobslervab
transitions where a simple resolution gives lower and upper
bounds on the time sequences.
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