ESTIMATION, PREDICTION AND CONTROL IN (MAX,+) SYSTEMS

Philippe Declerck

LISA EA-2168 , ISTIA, Université d’Angers,

62 avenue Notre-Dame du Lac, F-49000 Angers -FRANCE e-mail : philippe.declerck@istia.univ-angers.fr

Abstract: Discrete event systems undergo perturbations such as failures that disrupt the control system and reduce the anticipation capacities of the future evolution of the process. Using the (max,+) algebra, processes modelled bya timed event graph maybe represented bya linear model. The knowledge of the model and of the initial conditions enable to characterise the state vector with a state equation iteration but perturbations maygenerate a misappreciation of the state vector. The aim of this paper is to estimate the unknown state, to predict the output trajectoryand to calculate the control when the state vector is unknown. Copyright

� 2001 IFAC

Keywords: discrete-event dynamic systems, supervisorycontrol, estimation, prediction,

perturbation.

1 INTRODUCTION

Discrete Event Dynamic Systems (DEDS) can

represent a great number of systems characterised as

being concurrent, asynchronous, distributed or

parallel such as flexible manufacturing systems,

multiprocessor systems, and transportation networks.

Among formalisms used to represent DEDS, Timed

Event Graphs with constant firing form a subclass

playing an important role because of its

deterministic temporal behaviour. Its evolution is

described bylinear systems defined on a dioïd. The

interpretation of each variable is, for example, of

" dater" type for (max,+) algebra: each function x i (k)

represents the date of the k th firing of transition x i ;

� stands for the max. operation while the usual

addition plays the role of the multiplication, denoted

� . In the dioïd (max,+), the state variable representation of the system is of the form:

x(k) = A � x(k-1) � B � u(k) (1) y(k) = C � x(k) where the state x , the control u , the output y and are defined on

B

§ a { - 7 } provided with max. denoted � and with addition denoted � is usuallycalled (max,+) algebra and is an example of dioïd which is denoted D .

§ max = ( § a { - 7 }, � , � ) with a � b = max( a , b ) ;

’ = - 7 is the zero

element of �

a � b = a + b ; e = 0 is the identityelement of �

a � a = a ( idempotencyof � )

a � ’ = ’ � a = ’ (absorbing element ’ )

a \ b = max { x

p ax

¶ b } is called the left residuated of b by a (also called the subsolution of equality ax = b ).

The set of n.n matrices endowed with the operation

� and � is also a dioïd which is denoted D n.n . D n.n is not commutative.

(A

Z B) � C = (A � C) Z (B � C)

(right- distributivityof Å with respect to

Z )

A � (B Z C) ¶ (A � B) Z (A � C)

(left- subdistributivityof � with respect to Z )

A t is the transpose of A . If A Î

Â max

. m n , , max max

Î Â Î Â m n x then A \ B = A t

� B , where � is a matrix product where operation Å and

Ä respectivelyof Â max are replaced by Ù

(minimum) and \ (left residuated) of Â max .

The following equation can be deduced from the state equation.

Y k+i ,i =

¸ i . x(k) Å

· 0 where g is the backward shift operator in numbering and [ X( g ) ] i =x( i).

From the state equation (1), the use of the g - transform leads to the following representation

X = ( A g ) X Å B U Å x( k s ) s k g (3)

Y = C X where X, U and Y are the g -transform of x, u and y respectivelyin the interval [ k s , + ¥ [ .

The least solution of the above equation is given by

Y = C( A g ) * . (B U Å x( k s ) s k g ) with ( A g ) * =

+¥

=

Å

0 i

( A g ) i

3 ESTIMATION, PREDICTION AND

CONTROL

This part contains an estimation of the past values of the state from the known values of the input and output, an prediction of the future evolution of the output and the control synthesis of the process in the case of an unknown state. The model is supposed to be known and invariant on a defined horizon: for example, the holding times of the associated Petri

Net are constant. The control synthesis is based on the estimation of the past values of the state from the known values of the input and output and, the prediction of the future output evolution.

3.1 State estimation

The following properties propose an estimation of the greatest state dates but also the lowest state dates in order to complete the study.

The hypothesis that the known data are in the interval [ k s , k 0 ] is taken and the objective is to estimate x(k) from k= k s to k =k 0 . In other words, this situation corresponds to a problem of smoothing: given all observations available up to

number of event k 0 , one tries to estimate x(k) with k ¶ k 0 .

Let W be the trajectoryof the known output values from k s to k 0 :

w(k) = y(k) for k ¶ k 0 w(k) = T for k > k 0 with T = + ¥

Proposition 1

With the observation horizon from k s to k 0 with k s ¶ k 0 , a frame of x ( k s ) is

Ù

- x ( k s ) ¶ x ( k s ) ¶

Ù

+ x ( k s )) with

Ù

- x ( k s ) = B u( k s ) and

Ù

+ x ( k s )= s k - g [C ( A g ) * ] \ W

Proof

Calculus of

Ù

- x ( k s )

X = ( A g ) * . (B U Å x( k s ) s k g ) is the least solution of

(3).

So X · ( A g ) * . B U and

Ù

- X = ( A g ) * . B U

Particularly, x( k s ) · B u( k s ) and

Ù

- x ( k s ) = B u( k s )

Calculus of

Ù

+ x ( k s )

Y = C ( A g ) * . (B U Å x( k s ) s k g )

Y · C ( A g ) * .x( k s ) s k g x( k s ) s k g ¶ [C ( A g ) * ] \ Y with Y( g ) =

+¥

=

Å s k i

y( i) g i and C ( A g ) * = Å

=

+¥ i 0

C A i g i

From the known output, the upper bound can be deduced:

Ù

+ x ( k s ) = s k - g [C ( A g ) * ] \ W with W( g ) =

+¥

=

Å s k i

w( i) g i ˝

Now, the extended calculus of the lower and upper bounds for k

· k s is considered.

Proposition 2

For j from 0 to i with i = k 0 -k s

Ù

+ x ( k s +j) = A j . [

¸ i \ i i k Y s , + ]

Å

Å

+

+ = j k

k k s

s 1 k j k s A - + . B u(k) and

Ù

- x ( k s +j) = Å

+

+ = j k

k k s

s 1 k j k A s - + . B u(k) ˝

The horizon of the calculations is finite. The

introduction of each piece of data will entail a new

calculation of the state that produces a minimisation

of the values because of the influence of the estimate

Ù

+ x ( k s ). Naturally, if no piece of information is

available, the estimation of the state vector is

infinite.

3.2 Prediction of the output trajectory

The problem is nowto anticipate the effects of the

control and the past evolution on the output. In that

aim, the exploitation of the estimation of x( k s ) gives

a frame of the output: the prediction of the earliest

and latest firing date of the output. As the complete

output trajectoryis considered, the following result

includes the smoothing for k

¶ k 0 and the prediction for k>k 0 . In this part, the hypothesis that the control is alreadycalculated bya control system is taken.

Proposition 3

A framing of Y is

Yp - ¶ Y ¶ Yp + with Yp - = C ( A g ) * . B U Å C ( A g ) * . B u( k s ) s k g and Yp + = C ( A g ) * . (B U Å [C ( A g ) * ] \ W) �

3.3 Application to the Control synthesis

Problem. Knowing the dates’ values of the control and the output, the number of events belonging to

[k s ,k 0 ] and a sequence of the desired output z(k) , k ranging from k 0 +1 to k f , the problem is to determine the greatest control sequence u(k) such as each output y(k) occurs at the latest before z(k) .

Approach

Step 1: Control

The calculation of the greatest control does not need to knowthe value of the state and can be realised by the following equations [1]. x is called the co-state.

This step does not guarantee the existence of the solution.

For k 0 ¶ k ¶ k f x (k) = A \ x (k+1)

Z C \ z(k)

with z(k) = + ¥ and x (k) = + ¥ for k>k f u(k) = B \ x (k)

Step 2: estimation/prediction of the upper and lower bounds:

Ù

- x ( k s ) = B u( k s ) ;

Ù

+ x ( k s ) = ¸ i \ i i k s

Y , +

For k

· k s

x p - (k+1) = A x p - (k) Å B u(k+1)

x p + (k+1) = A x p + (k) Å B u(k+1)

with x p - ( k s ) =

Ù

- x ( k s ) ; x p + ( k s ) =

Ù

+ x ( k s )

step 3: guaranteed desired output

The desired output Z Å Y p + is guaranteed in anycase

(Declerck, 1997).

If y p

+ (k) ¶ z(k) for k 0 +1 ¶ k ¶ k f then the previous

calculated control is optimal and the desired output

Z is guaranteed.

If it exists k such that y p

- (k) > z(k) for k 0 +1 ¶ k ¶ k f

then the desired output Z is not reachable with the

previous control.

Remark 1. As the control is applied after the

calculation of the control synthesis, the calculated

dates must be later than the initial data.

Consequently, the causalitycondition u(k 0 +1) >

u(k 0 ) Å y(k 0 ) must be verified. Also " k > k 0 y - (k) ·

y(k 0 )

Remark 2. If there exists a k such that z(k) < y + (k) et

y - (k) ¹ y + (k) , then there is no conclusion on the

existence of the optimal control calculated at step 1.

However, a deterministic behaviour can be

considered if a bounded gradient is chosen

(Declerck, 1999) and in this case, the control is

minimised.

4 RELATED WORK IN THE CLASSICAL

AUTOMATIC CONTROL

In this part, the connections between the (max,+)

^ observer ~ and the classical observers is discussed.

A first well-known approach is the discrete-time

state observer that uses the deterministic least

squares framework ( Ling and Lim, 1999). From the

equation set Y k,N = M N x k,N , the classical solution is

directlyobtained.

Ù

x k,N = ( M N T M N ) -1 M N T Y k,N

and the fact that the resolution of the equation set

i i k s

Y , + = ¸ i . x( k s ) is also direct can be noticed.

Another approach is the Luenberger´s observer

( Luenberger, 1964). Instead of requiring that the

observer reconstructs the state vector itself, the

Luenberger´s observer reconstruct some constant linear transformation of the state vector (

Ù

x = Tx ) ;

it would then be possible to reconstruct the state

vector itself, provided that the transformation T is

invertible. For the continuous systems, the general

form of the observer for the continuous system is

dt t x d ) (

Ù

= A 2 ) ( t x

Ù

+ L 2 y(t) + B 2 u(t)

and a result is

) ( t x

Ù

- T x(t) = exp ( L 2 C t) [

Ù

x (0) - T x(0) ]

The equation of the sample form of the Luenberger´s

observer is

Ù

x (k+1) = A

Ù

x (k) + B u(k) + K [y(k) - C

Ù

x (k)] (4)

and the equation of the estimation error is

x(k+1)-

Ù

x (k+1) = (A - K C ) [x(k)-

Ù

x (k)]

In the classical observers, the last estimation gives a

picture of the current state. Similarly, a similar form

is proposed below. The horizon is increasing and for

example 1 + + i k s y with k s + i = k 0 is added to the

previous data

s k y , ...,

0 k y . The newhorizon is [

k s , k 0 +1] and one tries to estimate x(k 0 +1).

The following relations are directlydeduced.

Ù

+ x ( k s ) = ¸ i +1 \ 1 , 1 + + + i i k Y

s

Ù

+ x (k s +i+1) = A i +1 . [¸ i +1 \ 1 , 1 + + + i i k Y s ] Å

Å

+ +

+ =

1

1 i k

k j s

s j i k A s - + + 1 . B u(j)

Let

Ù

+ x (k ç [ k s ,k] ) be the estimate of x(k) with [ k s ,k]

the horizon of the known values.

The estimate

Ù

+ x (k+1 ç [k s ,k+1] ) and

Ù

+ x (k ç [ k s ,k] )

are connected in the following inequalitythat

integrates the newinformation y k+1 .

Fig. 1 : Structure of the (max,+) ^ observe r ~

Proposition 4

For k · k s

Ù

+ x (k+1 ç [k s ,k+1] ) ¶ [A.

Ù

+ x (k ç [ k s ,k] ) Å B u(k+1)] Z [ s k k A - + 1 (C s k k A - + 1 )\ Y k+1,0 Å

Ù

- x (k+1 ç [k s ,k+1] ) ] (5)

Ù

- x (k+1 ç [k s ,k+1] ) = A.

Ù

- x (k) Å B u(k+1) with

Ù

+ x ( k s ç [ k s ,k s ] ) = C\y( k s ) and

Ù

- x ( k s ç [ k s ,k s ] )

=

’

Proof: see annex �

The figure 1 shows that the structure of the proposed

^observer~ is similar to the Luenberger `s filter in

the case of a continuous, time-invariant linear

system in the classical algebra. Two expressions are

calculated:

- a direct iteration of the state equation from the

preceding estimation

- a correction term which is calculated from the new

piece of information

The minimisation of the proposed ^observer~ is

replaced bythe usual addition in the equation (4)

and that the form of the second term is a difference

whose concept does not exist in the (max,+) algebra.

5 CONCLUSION

Perturbations can generate the loss of the state vector

that is necessaryto make the control synthesis of

systems described byTimed Event Graphs. In the

case of an unknown state, we propose an estimation

of the past values of the state from the known values

and an prediction of the future evolution of the

output. The observation/prediction system is

integrated into the control synthesis. The model is

supposed to be known and invariant on a defined

horizon. Estimation and prediction are together

based on a framing of respectivelythe state and the

output trajectorythat depends on past evolution of

the system.

6 REFERENCES

B accelli

F., C ohen

G. , O lsder

G.J., Q uadrat

J.P. ,

Synchronization and linearity. An Algebra for

Discrete Event Systems , NewYork, Wiley,

1992.

B orne

P., D auphin -T anguy

G., R ichard

J-P., R otella

F. and

Z ambettakis I. , Analyse et régulation des

processus industriels , tome 1, Régulation

numérique, Editions Technip, France, 1990.

C ohen G., G aubert

S. and

Q uadrat

J.-P. , From first to

second-order theoryof linear discrete event

systems, 1st SIAC World Congress, Sydney ,

Australia, 18-23 July, 1993.

D eclerck

P., S taroswiecki

M., Generation of

analytical redundancyrelations for fault

detection, International conference Sicici ’92 ,

IEEE, Singapore, February18-21, 1992.

D eclerck

P. , Control synthesis using the state

equations and the "ARMA" model in Timed

Event Graphs, 5th IEEE Mediterranean

Conference on Control and Systems , Paphos,

Cyprus, 21-23 July, 1997.

D eclerck

P. , Predictabilityand control synthesis in

Timed Event Graphs, Kybernetika , Academyof

Sciences of the Czech Republic, vol. 35 , no 1,

pp. 25-38, 1999.

G aubert

S. , Théorie des systèmes linéaires dans les

dioïdes , Ph. D. dissertation, Ecole des Mines de

Paris, 1 Juillet, 1992.

G ondran

M. and

M inoux

M . , Graphes et

algorithmes , Edition Eyrolles, 1995.

Ling K. V. and Lim K. W. , Receding Horizon

Recursive State Estimation, IEEE Trans. on

Automatic Control , Vol. 44 , N° 9, September

1999.

Luenberger David G., Observing the State of a

Linear System , IEEE Trans. on Military

Electronics , vol. MIL-8 , pp. 74-80, April 1964.

Luenberger David G., Observers for Multivariable

Systems, IEEE Trans. on Automatic Control ,

vol. AC-II , NO.2, pp. 190-197, April 1966.

7 ANNEX

Ù

+ x (k+1 ç [k s ,k+1] ) = A i +1. .

Ù

+ x ( k s ) Å

Å

+

+ =

1

1 k

k j s

A k+1-j . B u(j) =

A i +1 . [¸ i +1 \ Y k+1,i +1

] Å Å

+

+ =

1

1 k

k j s

A k+1-j . B u(j) =

A i +1 .[ ÷ ÷

ø ö

ç ç

è æ

+ ÷ ÷

ø ö

ç ç

è æ

+ ) 0, 1

, \ 1 k Y i k Y

i CA i F

] Å Å

+

+ =

1

1 k

k j s

A k+1-j .B u(j)

= A i +1 . [ ¸ i \ Y k,i

Z (CA i +1 )\ Y k+1,0

] Å Å

+

+ =

1

1 k

k j s

A k+1-j .

B u(j)

¶ [A i +1 . ¸ i \ Y k,i

Z A i +1 .(CA i +1 )\ Y k+1,0 ] Å

Å

+

+ =

1

1 k

k j s

A k+1-j . B u(j)

( subdistributivityof