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f1(α, β) = 2 sin(α)− y0 ≤ 0
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A topological space S is path-connected if and only if for every two
points x , y ∈ S, there is a continuous function f from [0, 1] to S
such that f (0) = x and f (1) = y .
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Theorem

Let S = {x ∈ D ⊂ Rn / f (x) ≤ 0} where f is a C 1 function from
D to R, D a convex set, v∗ be in S. If

f (x) = 0, Df (x).(x − v∗) ≤ 0, x ∈ D

is inconsistent then v∗ is star a for S.

Geometric interpretation

Nicolas Delanoue Guaranteeing the homotopy type of a set defined by non-linear inequalities.
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Let us prove that v∗ = (0.6,−0.5) is a star for the set defined by

S = {(x , y) ∈ R2, such that f (x , y) = x2 + y2 + xy − 2 ≤ 0}

⇐
{

f (x) = 0
∂f (x).(x− v∗) ≤ 0

is inconsistent

⇔
{

x2 + y2 + xy − 2 = 0 is inconsistent
∂x f (x , y).(x − 0.6) + ∂y f (x , y).(y + 0.5) ≤ 0

⇔
{

x2 + y2 + xy − 2 = 0 is inconsistent
(2x + y)(x − 0.6) + (2y + x)(y + 0.5) ≤ 0
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The idea

To divide it with a paving P such that, on each part p, S ∩ p is
star-shaped.
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Definition

A star-spangled graph of a set S, noted by GS, is a relation R on a
paving P where

P = (pi )i∈I , for all p of P, S∩ p is star-shaped. And S ⊂
⋃
i∈I

pi

R is the reflexive and symmetric relation on P defined by
p R q ⇔ S ∩ p ∩ q 6= ∅.
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Theorem

Let GS be a star-spangled graph of a set S.
S is path-connected ⇔ GS is connected .

proof
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Corollary

Let GS be a star-spangled graph of a set S.
GS has the same number of connected components than S. i.e.
π0(S) = π0(GS).
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Feasible configuration set, y0 = 2.3

22
1,51,5

S =

{
(α, β) ∈]− π, π[2/

{
2 sin(α) ∈ [0, y0]
2 sin(α) + 1.5 sin(α + β) ∈ ]−∞, y0]

}
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The solver CIA (path-Connected via Interval Analysis)

Feasible configuration set, y0 = 2.3

S =

{
(α, β) ∈]− π, π[2/

{
2 sin(α) ∈ [0, y0]
2 sin(α) + 1.5 sin(α + β) ∈ ]−∞, y0]

}

Feasible configuration set, y0 = 2.3

(α, β) ∈]− π, π[2 /
f1(α, β) = 2 sin(α)− y0 ≤ 0
f2(α, β) = −2 sin(α) ≤ 0
f3(α, β) = 2 sin(α) + 1.5 sin(α + β)− y0 ≤ 0

Nicolas Delanoue Guaranteeing the homotopy type of a set defined by non-linear inequalities.
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topological invariant

number of connected components

Let π0 be :

π0 : { ”Nice” sets } → N
X 7→ number of connected components of X
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π0(.) is a topological invariant since

If X∼=Y then π0(X )=π0(Y )

If X and Y are such that π0(X ) 6=π0(Y )
then X 6∼=Y .
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There exists sets such that

X 6∼= Y and π0(X ) = π0(Y )

Fig.: π0(.) is not enough strong.
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Definition - Homeomorphism

A function f between two topological spaces X and Y is called a
homeomorphism if it has the following properties :

1 f is a bijection (1-1 and onto),

2 f is continuous,

3 the inverse function f −1 is continuous.

Definition - homeomorphic spaces

Two spaces X and Y with a homeomorphism f : X → Y between
them are called homeomorphic. From a topological viewpoint they
are the same.
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Examples

Fig.: Example.
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Example.

X ∼= Y ∼= Z .
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Create a triangulation to obtain more topological properties.

homotopy type, fundamental group (π1(S)).
homology groups (H1(S),H2(S), . . . ).
Betti numbers.
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Definition - homotopy between the two functions

Two continuous functions f , g : X → Y are homotopic, f ∼ g
if the exists a continuous function F : X × [0, 1]→ Y , such that :

F (x , 0) = f (x) and F (x , 1) = g(x), ∀x ∈ X .

Nicolas Delanoue Guaranteeing the homotopy type of a set defined by non-linear inequalities.


homotopy_de_segment.swf
Media File (application/x-shockwave-flash)



Introduction to interval analysis
Motivation - topological recall

Computing the number of connected components
More topological information

What I am doing now

topological invariant
The fundamental group
homotopy equivalence between spaces
Triangulation
Create a triangulation

f ∼ g
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f ∼ f 0
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Definition : π1 of a set

Let Y be a path connected space and y0 ∈ Y ,

π1(Y , y0) = {f : S1 → Y , f continuous , f (x0) = y0}/ ∼

Fig.: f 1 and f 0.

Poincaré, H. ’Analysis situs’, J. Ecole polytech. (2)1, 1-121 (1895).
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Definition : π1 of a set

Let Y be a path connected space and y0 ∈ Y ,

π1(Y , y0) = {f : S1 → Y , f continuous , f (x0) = y0}/ ∼

Fig.: f 2

Poincaré, H. ’Analysis situs’, J. Ecole polytech. (2)1, 1-121 (1895).
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Property

π1(Y , y0) is a group.

f 0 × f 1 ∼ f 1.
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Property

π1(Y , y0) is a group.

f 1 × f −1 ∼ f 0
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Fig.: π1(.) is a topological invariant.
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Definition

Two spaces X and Y are homotopy equivalent or of the same
homotopy type if there exist continuous maps f : X → Y and
g : Y → X such that g ◦ f ∼ 1X et f ◦ g ∼ 1Y . X ' Y .
One writes X ' Y .

Fig.: X ' Y
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Spaces that are homotopy equivalent.
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Definition

Spaces that are homotopy equivalent to a point are called
contractible.

X ' Y .
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Proposition

Two homeomophic spaces are of the same homotopy type.

X ∼= Y ⇒ X ' Y

Remark

Most of the topological invariant can not distinguished two spaces
that are homotopy equivalent.

Fig.: X ' Y ⇒ π1(X ) = π1(Y )
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A triangulation
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Definition - Abstract triangulation

Let N be a finite set of symbols {(a0), (a1), . . . , (an)}
An abstract triangulation K is a subset of the powerset of N
satisfying : σ ∈ K ⇒ ∀σ0 ⊂ σ, σ0 ∈ K

Nicolas Delanoue Guaranteeing the homotopy type of a set defined by non-linear inequalities.
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K =
{

(a0), (a1), (a2), (a3), (a4),

(a0, a1), (a1, a2), (a0, a2), (a3, a4),

(a0, a1, a2)
}

Fig.: A realisation of K.
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K =
{

(a0), (a1), (a2), (a3), (a4),

(a0, a1), (a1, a2), (a0, a2), (a3, a4),

(a0, a1, a2)
}

This will be denoted by a0a1a2 + a3a4

Fig.: A realisation of K.
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Theorem

If |K1| and |K2| are two realisations of an abstract triangulation K,
then |K1| and |K2| homeomorphic.
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Definition

Let K be an abstract triangulation, an (x) a symbol. One notes by
C(x ,K) the set :

C(x ,K) = {(x)} ∪ K ∪
⋃
σ∈K

(x , σ).

where (x , σ) := (x , a1, . . . , an) with σ = (a1, . . . , an) ∈ K.
C(x ,K) is the cone with x as apex and K as base.

Nicolas Delanoue Guaranteeing the homotopy type of a set defined by non-linear inequalities.
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C(x ,K) = {(x)} ∪ K ∪
{

(x , a0), (x , a1), (x , a2), (x , a3), (x , a4),

(x , a0, a1), (x , a1, a2), (x , a0, a2), (x , a3, a4), (x , a0, a1, a2)
}
.
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Property of a cone

A cone is contractile.
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Main goal :

Create a triangulation homotopy equivalent to :

S =
s⋃

i=1

ri⋂
j=1

{x ∈ Rn; fi ,j(x) ≤ 0} where fi ,j ∈ C1(Rn,R)
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S =

{
(x , y) ∈ R2|

{
x2 + y2 + xy − 2 ≤ 0
−x2 − y2 − xy + 1 ≤ 0

}

Fig.: Example of a set S and a triangulation generated by the algorithm
Homotopy via Interval Analysis.
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Triangulation
Create a triangulation

Let F = {SJ , J ⊂ I , such that SJ is contractible }.
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CIA : Connected components via Interval Analysis
http://www.istia.univ-angers.fr/~delanoue/

HIA : Homotopy type via Interval Analysis
http://www.istia.univ-angers.fr/~delanoue/
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Merci pour votre attention !
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Theorem

If S = {x ∈ D ⊂ Rn / f (x) ≤ 0} where f is a C 1 function from D
to R, D a convex set, v∗ be in S and if

f (x) = 0, Df (x).(x − v∗) ≤ 0, x ∈ D

is inconsistent then v∗ is star a for S.

(1) est inconsistent⇔ ∀x ∈ D, f (x) = 0⇒ ∂f (x).(x − v∗) > 0
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Corollaire

Let GS be a star-spangled graph of a set S.
GS has the same number of connected components than S. i.e.
π0(S) = π0(GS).

Back
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