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Computing the smallest box containing the solution of the initial
value problem x = f(x), x(0) € [x]
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

Definition

Let f be a function from R” to R™. A function [f] : IR” — IR"™
satisfying : V[x] € IR", f([x]) C [f]([x]) is an inclusion function of
f.

[]

\/
\

R" R™

F1c.: lllustration of inclusion function.
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

remark

@ Interval arithmetic gives a method to compute an inclusion
function of a given function defined by an arithmetical
expression.
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

remark

@ Interval arithmetic gives a method to compute an inclusion
function of a given function defined by an arithmetical
expression.

@ In general, the smallest inclusion function is not obtained and

one only has : f([x]) & [f]([x])- )
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

Theorem

Let [x] be a box of R” and f be a differentiable function R" — R.
Let us denote by f.(x) the jacobian matrix

(8500 o 00

Suppose that all components of f.([x]) are non-negative, then
[f(x), f(X)] is the smallest interval containing f([x]).
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

Example

Let us consider the function f : (x1,x2) — 3x2 — 2x1x2 + 3x3.

F1G.: Level curves.
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

Let us consider the function f : (x1,x2) — 3x2 — 2x1x2 + 3x3.

F1G.: Level curves.
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

Example f : (x1,x2) — 3x2 — 2x1xp + 3x3

Since f(x1,x2) = ( 6x1 — 2x0 —2x1 + 6x0 ) one has

{fi(x1, %) | (x1,x) € [3,4] x [3,4]} C RT x RT.
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

Example f : (x1,x2) — 3x2 — 2x1xp + 3x3

F1G.: Level curves.

@ According to the previous theorem, one can conclude that
f([3,4] x [3,4]) = [f(3,3), f(4,4)] = [36,52].
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

Example f : (x1,x2) — 3x2 — 2x1xp + 3x3

F1G.: Level curves.

@ According to the previous theorem, one can conclude that
F(13,4] x [3,4]) = [f(3,3),f(4,4)] = [36,52].
@ This result can be compare to the one obtained applying

interval arithmetic :
3% [3,4]> — 2% [3,4] % [3,4] + 3 [3,4]%, ie [22,78].

Nicolas Delanoue - Luc Jaulin A new method for integrating ODE based on monotonicity



Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

Corollary

Let [x] be a box of R” and f be a differentiable function
R"” — R™. Let us denote by f.(x) the jacobian matrix

of
(5)
J 1<i<n,1<<n

Suppose that no component of £([x]) contains 0, then there exists
2m corners X; and X; of [x] such that [1i<j<nlfi(%)), fi(%j)] is the
smallest box containing f([x]).
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

f: R — R?
X1 f where
X2 f

fl o X12 — X2
H X1 + x1x2
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

f: 2 2
I - I3 fl X12—X2

X1 f where =
— f X1 + x1x2

X2 f

[
I
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

Example
f: R - R? >
X5 — X
X1 f where 1) = 1 2
— fa X1+ X1 X2
X2 f

£

h
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Optimal inclusion function

Example
f: R - R? >
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X1 f where 1) = 1 2
— fa X1+ X1 X2
X2 f
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

. 2X1 — 1 o 8)(1 f]. aXZ f]-
ﬁk(X15X2) - 1+x x o axlf2 ang2
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

Example

. 2X1 — 1 o 8)(1 f]. aXZ f]-
ﬁk(X15X2) - 1+x x o axlf2 ang2
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Interval analysis, optimal inclusion function Inclusion function

Optimal inclusion function

. 2X1 — 1 o 8)(1 f]. aXZ f]-
ﬁk(X15X2) - 1+x x o axlf2 ang2
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Interval analysis, optimal inclusion function Inclusion function
Optimal inclusion function

h

is the smallest box containing

f([x1,x1]; [x2, %2])
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition

Computing optimal validated solutions for ODE Algorithm
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ODE, Dynamical system and flow

Derivative of the flow with respect to initial condition

Computing optimal validated solutions for ODE Algorithm

Let us denote by {g? : R” — R"};cg the flow, i.e.
d t

58X = f(x) and g° = Id (1)
t=0
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition

Computing optimal validated solutions for ODE

Algorithm

Let us denote by {g? : R” — R"};cg the flow, i.e.
d t

58X = f(x) and g° = Id (1)
t=0

Note that t — gfx is the solution of x = f(x) satisfying x(0) = x.
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition

Computing optimal validated solutions for ODE Algorithm

For a fixed t, gt is a function from R" — R"

/,,yv
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ODE, Dynamical system and flow

Derivative of the flow with respect to initial condition

Computing optimal validated solutions for ODE Algorithm

According to the previous theorem, if no component of gf([x])
contains 0, then there exists 2n corners X; and X; of [x] such that

[li<j<nlgf (X)), &f (%))] is the smallest box containing g*([x]).
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition

Computing optimal validated solutions for ODE Algorithm

Let us consider the following ODE :

X.l . 1 1 X1 . X
)('2 -1 1 X2 y
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ODE, Dynamical system and flow

Derivative of the flow with respect to initial condition

Computing optimal validated solutions for ODE Algorithm

Example

One can obtain an explicit solution :
(25) = e (20
= (e aaiy
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Computing optimal validated solutions for ODE

ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition

Algorithm

Example

One can obtain an explicit solution :

Xl(t)
Xz(t)

(%)

exp(tA) < 2(0)

(0)

)

- (0 ame) (5w )
gt: R2 _ : R2 .
(2) = (Sl e,
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

gl: R - R?
x1 el cos (1) x1 + elsin (1) xo
X2 —elsin (1) xy + el cos (1) xo
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

gl: R - R?
<e1cos(1)x1+elsin(1)x2 >

—elsin(1)x; + el cos (1) xa

8g11 agll
1 _ Ox;  Oxp
& = | od og
Ox1 Oxo

< el cos (1) elsin(1)>

—elsin(1) elcos(1)
1.468693940 2.287355287
—2.287355287 1.468693940

12
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

1.468693940 2.287355287
—2.287355287 1.468693940
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

1.468693940 2.287355287
—2.287355287 1.468693940

According to the previous theorem :

[gll<2> : gf(g) }
[2(%) 4(2) ]

is the smallest box containing g! < [

Nicolas Delanoue - Luc Jaulin A new method for integrating ODE based on monotonicity



ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE
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ODE, Dynamical system and flow

Derivative of the flow with respect to initial condition

Computing optimal validated solutions for ODE Algorithm

Theorem

Suppose that f : R" — R" js twice continuously differentiable.
Then g! is solution to the initial value problem

D80 = A(gXal)

glx) = Id
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ODE, Dynamical system and flow

Computing optimal validated solutions for ODE gfg’l‘:iﬁ::’f afheliicwisithiespecitolinitalieoptiticn

Suppose that f : R" — R" js twice continuously differentiable.
Then g! is solution to the initial value problem

D80 = A(gXal)

glx) = Id

o _dd
a&&)— ——g'x

= &f(gtx)
= f(g'x)(gix)
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition

Computing optimal validated solutions for ODE

Algorithm
Example - Van der Pol oscillator
).(1 = X2

)'<2 (1 —X12)X2 — X1

e
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition

Computing optimal validated solutions for ODE

Algorithm

Example - Van der Pol oscillator

x| = Xo
5(2 = (1—X12)X2—X1

Let us denote by (a;jj)i<ij<2 the coordinate of gf, i.e.

gl = 8X1g1t 8X2g1t _ o e
* 085 08 a1 ax

one has :

Q (gt) — éll é’12 _ 0 1 ail ai2
ot *°* a1 axn —1—2x1%0 1-— X12 a1 ax»
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

X1 = X2

X = (1- X12)X2 — X1

a1l = az

ap = ax

1 = —an — 2xaxan + axn — X an
[ 220 = —a1 — 2xqxa12 + an — xfaxn

with the following initial condition

((xa(0) = X
x(0) = x§
311(0) =1
312(0) =0
321(0) =0
322(0) = 1
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

Solver J
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

Algorithm

e Input :
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

Algorithm

e Input :
o x = f(x)
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

Algorithm

e Input :
o x = f(x)
o [x] e IR”
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

Algorithm

e Input :
o x = f(x)
o [x] e IR”
e t a non-negative real

@ Algorithm
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

Algorithm

e Input :
o x = f(x)
o [x] e IR”

e t a non-negative real
@ Algorithm
o Compute rigorously gf([x]),
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

Algorithm

e Input :
o x = f(x)
o [x] e IR”

e t a non-negative real
@ Algorithm

o Compute rigorously gf([x]),
o if no component of gf([x]) contains 0,
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

Algorithm

e Input :
o x = f(x)
o [x] e IR”

e t a non-negative real
@ Algorithm
o Compute rigorously gf([x]),
o if no component of gf([x]) contains 0,

o then compute rigorously the set {gf(%)} and return the
interval hull of this set.
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition

Computing optimal validated solutions for ODE Algorithm
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black : initial conditions,
red : our method,
blue : taylor method.
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE
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black : initial conditions,
red : our method,
blue : taylor method.
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ODE, Dynamical system and flow
Derivative of the flow with respect to initial condition
Algorithm

Computing optimal validated solutions for ODE

@ Thank you for your attention ! J
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