Modelling and control of periodic time-
variant event graphs in dioids

Johannes Trunk, Bertrand Cottenceau,
Laurent Hardouin & Joerg Raisch

Discrete Event Dynamic Systems
Theory and Applications

ISSN 0924-6703

Discrete Event Dyn Syst
DOI 10.1007/510626-019-00304-x

@ Springer



Your article is protected by copyright and

all rights are held exclusively by Springer
Science+Business Media, LLC, part of
Springer Nature. This e-offprint is for personal
use only and shall not be self-archived in
electronic repositories. If you wish to self-
archive your article, please use the accepted
manuscript version for posting on your own
website. You may further deposit the accepted
manuscript version in any repository,
provided it is only made publicly available 12
months after official publication or later and
provided acknowledgement is given to the
original source of publication and a link is
inserted to the published article on Springer's
website. The link must be accompanied by
the following text: "The final publication is
available at link.springer.com”.

@ Springer



Discrete Event Dynamic Systems
https://doi.org/10.1007/510626-019-00304-x

®

Modelling and control of periodic time-variant event Check for
graphs in dioids updates

Johannes Trunk'2 @ . Bertrand Cottenceau? - Laurent Hardouin? - Joerg Raisch’

Received: 15 June 2018 / Accepted: 4 December 2019 / Published online: 22 February 2020
© Springer Science+Business Media, LLC, part of Springer Nature 2020

Abstract

Timed Event Graphs (TEGs) can be described by time invariant (max,+) linear systems.
This formalism has been studied for modelling, analysis and control synthesis for decision-
free timed Discrete Event Systems (DESs), for instance specific manufacturing processes
or transportation networks operating under a given logical schedule. However, many appli-
cations exhibit time-variant behaviour, which cannot be modelled in a standard TEG
framework. In this paper we extend the class of TEGs in order to include certain peri-
odic time-variant behaviours. This extended class of TEGs is called Periodic Time-variant
Event Graphs (PTEGs). It is shown that the input-output behaviour of these systems can be
described by means of ultimately periodic series in a dioid of formal power series. These
series represent transfer functions of PTEGs and are a convenient basis for performance
analysis and controller synthesis.
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Discrete Event Dynamic Systems

1 Introduction and motivation

The class of Discrete Event Systems (DESs) studied in this paper are persistent timed DESs.
A DES is called persistent if the occurrence of an event never disables another event. In other
words an enabled event remains enabled until it occurs. Persistent DESs are often obtained
from non-persistent ones by solving the underlying conflicts, i.e., by determining the logi-
cal order in which events can occur. For many applications, such as manufacturing systems,
these logic schedules can often be computed offline. The resulting system is a persistent
DES which describes the timed dynamics of the original non-persistent DES with respect
to the predefined logic schedule. A well studied class of persistent timed DESs are Timed
Event Graphs (TEGs), which are a subclass of timed Petri nets and suitable to describe
synchronization phenomena arising in DESs. Over the last decades, TEGs have been exten-
sively studied because they admit linear representations in particular algebraic structures
called dioids (Baccelli et al. 1992; Heidergott et al. 2005). Based on dioids, many concepts
of standard control theory have been adapted to TEGs. In the particular dioid M [y, 81,
the input-output behaviour of TEGs can be described by transfer functions defined of a
set of formal power series in two variables y and § (Baccelli et al. 1992).1 These trans-
fer functions represent the main properties such as latency and throughput of a system in a
compact form. More over, based on these transfer functions, several model matching con-
trol problems have been solved for TEGs. This includes state or output feedback design
as well as observer design (Libeaut and Loiseau 1996; Maia et al. 2003; Hardouin et al.
2017; Hardouin et al. 2018). Usually the objective of the control strategy is to modify the
system behaviour such that the resulting closed-loop is bounded by the reference model.
For instance, we can specify a desired throughput (resp. latency) behaviour of a production
line in such a reference model. The resulting controller optimizes the production process
under the “just-in-time” criterion while the specified throughput is guaranteed. Thus, mate-
rials spend the minimal required time in the production line, which leads to a reduction of
internal stocks. In Hardouin et al. (2009), software tools are presented, for evaluation and
controller synthesis of TEGs based on the dioid M [y, §]. Model predictive control for
(max,+)-linear systems was studied in Schutter and van den Boom (2001). Moreover, in
Declerck (2013) and Amari et al. (2012) the control of TEGs under additional time window
constraints was addressed. For these TEGs, sojourn times of tokens in some places have to
respect an upper bound. The control problem is then to find an admissible trajectory such
that these upper bounds are satisfied.

An important property of TEGs is that they are time-invariant. From an operator point of
view, for a transfer function H € M{*[[y, 81, we have H 8! = 8'H. Here § represents the
time-shift operator.

In this paper we study time-variant DESs, which cannot be described by ordinary TEGs.
To consider time-variant behaviour is motivated by several applications. For example, time-
variant behaviour can be found in transportation networks, with traffic light control or
communication networks with time-division-multiplexing. A simple example in the field of
manufacturing is a resource which is shared by several processes on the basis of a periodic
schedule, e.g., the resource is available for process 1 at times 2n and for process 2 at times
1+ 2n, with n € Ny.

In Bouillard and Thierry (2008) a similar approach, the so called network calculus, was presented to analyze
communication networks.
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First results for time-variant (max,+)-systems have been obtained in David-Henriet et al.
(2015) and David-Henriet et al. (2014). There, TEGs are extended by allowing a weaker
form of synchronization, called (PS). PS of a transition means that the transition can only
fire when it is enabled by an external signal S : Ng — {0, 1}. S enables the firing of the
transition at times § € Ny where S(§) = 1. For instance, such a signal can represent a
traffic light, and a vehicle can cross a crossroad only when the traffic light is green. In the
case where such signals are predefined and ultimately periodic, it is possible to obtain a
transfer function of a TEG under partial synchronization (David-Henriet et al. 2015).

Standard TEGs are also event-invariant. From an operator point of view, for a transfer
function H € M [y, 8] we have H y! = y'H, where y is the event shift operator.
Another extension of standard TEGs refers to event-variant timed DESs, e.g., Lahaye et al.
(2008), Cottenceau et al. (2014b), Cofer and Garg (1993), and Brat and Garg (1998)). In
Lahaye et al. (2008), the authors introduce first in first out (FIFO) TEGs in which holding
times of places change periodically based on event-sequences. Therefore, these systems
can describe event-variant time behaviours. In FIFO TEGs, places must respect a FIFO
behaviour, in other words tokens must not overtake each other. In Cottenceau et al. (2014b),
it is shown that the input-output behaviour of these systems can be represented as formal
power series in the 3-dimensional dioid E*[§]). The studied system class is an extension of
TEGs which is called Weight-Balanced Timed Event Graph (WBTEG).

In this paper, we suggest a new approach to model time-variant behaviours. First, we
introduce the class of Periodic Time-variant Event Graphs, in which the holding times of
places depend on times when tokens enter the place. More precisely, the holding time 7 (¢)
of a place at time & € Z is time-variant and immediately periodic, i.e., H(§ + @) = H(&).
The main contribution of this paper is to show that the input-output behaviour (transfer
function) of PTEGs can be described by ultimately periodic series in a new dioid denoted
T*[y]1. As PTEGs are time-variant, implying that for a transfer function H € T *[y ] of
a PTEGs H8! # 8! H. This means, the response of a PTEG to an input trajectory varies
over time. In addition to the synchronization and time delay phenomena already described
by standard TEGs, PTEG can describe phenomena that can only occur during certain time
windows. The operational representation of PTEGs allows us to extend methods for perfor-
mance evaluation and controller synthesis for TEGs to the more general class of PTEGs.
Furthermore, we elaborate the relation between the impulse response of a PTEG and its
transfer behaviour. First results on the dioid 7 *[[y ]| were obtained in Trunk et al. (2018).

This paper is organized as follows: Section 2 summarizes the necessary facts on TEGs
and dioids. In Section 3, we present PTEGs as suitable models for some time-variant dis-
crete event systems. In Section 4, we introduce a new periodic timing operator A,, and
define the dioid 7 *[y]. In Section 5, the dioid 7*[y¥] is used to model the input-output
behaviour of PTEGs. Furthermore, the relation between impulse response and transfer
function is investigated. Finally, Section 6 illustrates the controller design process for
PTEGs.

2 Timed event graphs and dioids
2.1 Timed event graphs
In the following, we briefly recall the necessary facts on TEGs (see, e.g., Baccelli et al. 1992;

Heidergott et al. 2005 for a more thorough discussion). TEGs are a subclass of timed Petri
nets, with P = {py, ---, p,} the set of places, T = {t, -- - , t,,} the set of transitions and,
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A C (P xT)U(T x P) the set of arcs connecting places with transitions and transitions with
places. p; is an upstream place of transition ¢; (and #; is a downstream transition of place
pi)»if (p;, t;) € A.Conversely, p; isadownstream place of transition #; (and #; is an upstream
transition of place p;), if (¢, p;) € A. For TEGs, each place p; has exactly one upstream
transition and exactly one downstream transition. Note that in TEGs, each arc has weight
1. Moreover, each place p; exhibits an initial marking Mio € Np and a nonnegative holding
time ¢; € No. A transition #; can fire if the marking in every upstream place is at least 1. If
t; fires, the marking M; in every upstream place p; is reduced by 1 and the marking M, in
every downstream place p, is increased by 1. The holding time ¢; is the time a token must
remain in place p; before it contributes to the firing of the downstream transition of p;.
We can partition the set of transitions of a TEG into input, output and internal transitions.
Input transitions are transitions without upstream places. Output transitions are transitions
without downstream places, and all other transitions are called internal transitions.

Definition 1 (Earliest Functioning Rule) A TEG is operating under the earliest function-
ing rule if all internal and output transitions are fired as soon as they are enabled.

For the purpose of modelling a TEG, a dater function x : Z — Zpax Zmax = Z U
{£o00}) is associated to each transition. x (k) gives the time (or date) when the transition
fires the (k + 1)* time. Note that dater functions are nondecreasing (Baccelli et al. 1992),
i.e. x(k 4+ 1) > x (k). Note that we assume that time is discrete and takes values in Z,,q.

Example 1 Consider the TEG of Fig. 1. By assigning u (resp. u») to the input transition #;
(resp. 12), x1 (resp. x2) to internal transition #3 (resp. #4) and y to the output transition fs, the
behaviour of the TEG can be described by the following inequalities
x1(k) = max(xz(k —2), u1(k) + 1, uz(k — 1) + 3),
y(k) = x2(k) = x1(k) + 2.

\

If the TEG operates under the earliest functioning rule, its behaviour is described by
equations instead of inequalities,

x1(k) = max(xy(k —2), u1(k) + 1, up(k — 1) 4+ 3),
y(k) = xa(k) = x1(k) + 2. (1

2.2 Dioid theory

In this section we briefly recall some basic facts on dioids and discuss (max,+)-algebra as
a specific case. Formally, a dioid is an algebraic structure that consists of a set D equipped

Fig. 1 A simple TEG
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with two binary operations, @ (addition) and ® (multiplication). Addition is commutative,
associative and idempotent (i.e. Ya € D, a & a = a). The neutral element for addition
(or zero element), denoted by &, is absorbing for multiplication (i.e., Va € D, a ® ¢ =
e®a = ¢). Multiplication is associative, distributive over addition and has a neutral element
(or unit element) denoted by e. Note that, as in conventional algebra, the multiplication
symbol & is often omitted. Both operations can be extended to the matrix case. For matrices
A, B € D™*" and C € D"*4, matrix addition and multiplication are defined by
n
(A® B);j == Aij® Bij, (A®C);; = @ (Aik ® Cy;j) -
k=1

Moreover, the dioid structure carries over to the case of matrices, if nonsquare matrices are
suitably extended by zero rows or columns (for details see Baccelli et al. 1992). A dioid D
is said to be complete if it is closed for infinite sums and if multiplication distributes over
infinite sums. On a complete dioid, the Kleene star of an element a € D, denoted a*, is
defined by a* = @2, a’ with a = e and a’*! = a ® a'. In any dioid, there is an order
naturally definedbya <b < a@® b =>.

Theorem 1 (Baccelli et al. 1992) On a complete dioid D, x = a*b is the least (in the sense
of <) solution of the implicit equation x = ax @ b.

A TEG can be conveniently modelled as a linear system in a particular dioid called
(max,+)-algebra. The (max,+)-algebra is the set Z,,,, endowed with max as addition & and
+ as multiplication ®, e.g., 5 ® 4 ® 7 = max(5 + 4,7) = 9. Moreover, the zero element
is ¢ = —oo and the unit element is e = 0, respectively. By convention (0c0) ® (—o0) =
—o0 =¢.

Example 2 In the (max,+)-algebra, the system Eq. 1 is expressed as

xi(k) = xa(k —2) @ luy (k) ® 3uaz(k — 1),
y(k) = xa(k) = 2x1 (k). @)

2.3 Dioid M2 [y, 5]

Using the dioid M [y, 8], it is straightforward to obtain transfer functions for TEGs. It
was formally introduced in Baccelli et al. (1992) and Gaubert and Klimann (1991), and
is based on the event-shift operator y" and time-shift operator §° with r,v € Z. These
operators map dater functions to dater functions in the following way:

(y'x) (k) = x(k — v) and (87x) (k) = x(k) + 7. 3)
For both operators, addition is defined as follows
(" ®y"HINK) = ¢ x®y k) = ¥ 0k & (¥ x)k),
(87 @87 )x)(k) := (87x ® 87 x)(k) = (8"x) (k) & (87 x) (k).

Furthermore, the operators ¥ and §* commute, i.e. y'6* = §7y", and obey the
following simplification rules,
)/U ® yv’ — ymin(u,v’)’ ST (Sr’ — Smax(r,r/). “)

M;‘rf [y, &1 is then the dioid of power series in y and § with Boolean coefficients €, & and
exponents in Z, with a quotient structure induced by the simplification rules Eq. 4. A series
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s € Milly, 81 is written as s = P, ;7 s(v, T)y"8" with s(v, 7) € {€, &}. Furthermore,
for 51, 82 € M [y, 8] addition and multiplication is defined as

5195 = P (10,1 @200, 1))y"s",

v, 7€Z

S1 ® sy = @ ( @ (Sl(”l»t)®52(n,7f/))>)’v‘sr-

v, 7€Z n+n/=v
t+t' =1

The unit element is denoted by ¢ = &y%5° and the zero element is denoted by ¢ =
@v,reZ gyv(st.

Example 3 With the y and § operators, system Eq. 2 can be expressed by x| = y%x; ®
8'u; ® y'8%us, y = xp = §x). Or, equivalently, with x = [ x| x; ]T, u=1[ur u ]T, in
matrix form x = Ax @ Bu; y = Cx, where

2 1 143
_|e v _ |0 v _
A_[st ] B—[g . ] C=[ee].

Due to Theorem 1, the least solution for the output y is given by y = Hu, with transfer
function matrix

H = CA*B — [83()/252)* ]/185()/282)*].

A dater function u : Z — Zax can be expressed as a series in M@ [y, 8], such that

Sy = @ yk(S”(k) e @ ]/k5*,

{k|—o0<u(k) <00} {k|u(k)=o0}

see Baccelli et al. (1992) and Cohen et al. (1991). By expressing an input « as a series in
My, 81, the least output y of a single-input and single-output (SISO) system can be
obtained as the product of the transfer function / and the input series s, i.€., sy = (h®sy) €
My, 81, where s, is the series associated to the output counter y (Cohen et al. 1991).
As in conventional systems theory, there is a link between the impulse response and the

transfer function of a system. An impulse is a specific dater function Z such that:

—o00, fork <0,
Llk) = [ 0, for k > 0. ©)

Choosing an impulse as the input of a SISO TEG means that its input transition fires
infinitely often at time 0. This input can be expressed as a series in M{ [y, 6], s =
Di-o ykSO = yOBU = e and we have h = he, i.e., the transfer function is the impulse
resanse in M{ [y, 81 (Baccelli et al. 1992; Cohen et al. 1991). In Hardouin et al. (2009),
software tools are introduced for the computation of rational expressions of periodic series
(matrices) in M [y, 8].

n

3 Periodic time-variant event graphs
In this section we discuss time-variant DES where the time behaviour changes in a periodic

form. Such periodic timing phenomena occur for instance in traffic networks. As an exam-
ple, let us consider a crossroad which is controlled by a traffic light. A vehicle can only
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cross during the green phase. If it reaches the crossing during this phase, it can immedi-
ately proceed. But if it reaches the crossing during the red phase, it has to wait for the next
green phase. The vehicle is delayed by a time that depends on its time of arrival. Under the
assumption that the behaviour of the traffic light is periodic, the crossroad can be modelled
as a nonstandard TEG where the timing behaviour of the traffic light is described by a peri-
odic mapping associated with a place. This periodic mapping H : Zyax — Zmax describes
the holding time of the place at each time instant & € Z,,,,. We call such a mapping
holding-time-function, and it is defined as follows.

Definition 2 (holding-time-function 7{) A holding-time-function H : Zyax —> Zmax is
an w-periodic function, i.e., Jw € N, V& € Zyax : HE) = H(E + w).

Hence, Vj € Zpax
ng if &€ =0+ wj,

np  if £=1+wj,
HE =1 . ©

np—1 if € = (0 —1) + wj,

where fori € {0, --- , w — 1}, n; € Z are the holding times in each period.

The short form of a holding-time-function is defined as a string (rg 7y - -+ fy—1). The
period w is implicitly given by the number of elements in the string. For the modelling
process of TEGs in the (max,+)-algebra, it is necessary that tokens must enter and leave
each place in the same order (Baccelli et al. 1992)[Section 2.5.2]. In other words, a place
must respect a FIFO behaviour. This property leads to the following constraint on holding-
time-functions

VE € Lmax, HE+1) +1=H(E). )

A holding-time-function which respects (7) is called FIFO holding-time-function. More-
over, a holding-time-function is called causal if all holding times are nonnegative, i.e.,
Vie{0,---,w—1},n; € Np.

Definition 3 (Periodic Time-variant Event Graph) A PTEG is a TEG where the holding
times of places are given by causal FIFO holding-time-functions.

Example 4 Consider the PTEG in Fig. 2a where the holding time of p; is changing
according to, Vj € Zyax

0if & =0+4j,

_ _Joife=1+4j,
HE) = (0021 =14 ¢ —21 4],
1if &€ =3+4j.

The holding time is such that tokens enter and leave place p; in the same order, hence the
function satisfies Eq. 7. In contrast, let us consider the TEG in Fig. 2a, where the holding
time of place p» is changing according to H(§) = (3 0 2 1). In this case tokens which
enter the place p; at time instant & = 0 enable the firing of transition #4 at time instant
0 4 H(0) = 3. Tokens which enter the place p; at time instant § = 1 immediately enable
the firing of #4, since H>(1) = 0. The function #, violates the FIFO condition of p;, and
therefore the TEG in Fig. 2b is not in the class of PTEGs.
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t1 i3 D2 27
O~ -0
(0021) (3021)

(a) (b)

Fig.2 In(a) H; = (002 1) satisfies the FIFO condition. In (b) H, = (3 0 2 1) violates the FIFO condition

Example 5 Consider the following simple PTEG.

t1 P1 to

(132)

By associating a dater function x; with transition #; and a dater function x, with transition
1, the behaviour of this PTEG is described by

o® = [ 0541, ®)

where [a[ is the smallest integer greater than or equal to a. In standard TEGs, the effect of
constant holding times t are expressed by inequalities of the form x> (k) > x{ (k) 4 7. This
corresponds to a specific PTEG with H; =< t >. Hence, PTEG can describe a broader
class of behaviours. Moreover, when considering equality for Eq. 8, i.e., the earliest func-
tioning of the system, it is easy to see that this cannot be written as a (max,+)-linear equation.
In contrast standard TEGs, with constant holding times, have a linear representation in the
(max,+)-algebra, e.g., see Example 2.

Definition 4 (Release-time-function R) A release-time-function R : Zyax — Zmax 1S
defined as R(§) = H (&) +&, where H (§) is a FIFO holding-time-function. A release-time-
function is called causal if R(§) > &, V& € Zyax.

As H(E + 1)+ 1> H(),itfollowsthat R(E+1) = HE + 1) +E+1 > HE) +
& =R(§),i.e. R is nondecreasing. The release-time-function can be seen as an alternative
representation of the time-variant behaviour of a place in a PTEG. This function describes
the time when a token in a place is available to contribute to the firing of the downstream
transition of the place. The argument of this function is the time & when the token enters the
place and its value is the time when the token is available to leave the place. By defining
n; = n; + i, we can express a release-time-function as, Vj € Z;,4

no+wj if £ =0+ wj,

ny + wj if &€ =1+ wj,
RE) =HE) +E&= : )

Ney—14+wjif £ =(w-—-1)+ wj.

Clearly, nonnegative holding-times 7; (causal holding-time-functions) lead to causality

of R.
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Example 6 (PTEG) Figure 3 shows a PTEG with holding-time-functions of places
P1, D2, p3 given by

Hi(§) =(0021), Ha(§) = (1), H3(§) =(1321).
The corresponding release-time-functions are, Vj € Zyqx,

0+4j if £ =0+4j,
14+4j if &€ =1+4,
A44jif £ =2+4,
444jif £ =3+4j,
Ra(§) = 1+,

144j if &£ =0+4j,
A44)if £ =1+4,
A44jif £ =2+4j,
444jif £ =3+4j.

Ri) =

R3() =

In this example, place p has a constant holding time of 1 time unit, whereas the holding
times of places p; and p3 are changing periodically with period 4. R, R3, respectively
H1, Haz, are illustrated in Fig. 4a, respectively, Fig. 4b.

The place p; can be interpreted as the model of a traffic light which is green for time
instants {0, 1,4, 5, - - - } and red for time instants {2, 3, 6, 7, - - - }. Therefore, if a car arrives
at times 2, 6, - - - it has to wait for 2 time instants, if it arrives at times 3, 7, - - -, it has to
wait for 1 time instant.

4 Introduction of timing operators

As in Baccelli et al. (1992), where TEGs are described by rational compositions of opera-
tors, we introduce a family of specific timing operators to handle time variation. Similar to
TEGs, for the modelling process of PTEGs, a dater function x; : Z — Z,4y is associated
to each transition #;. Recall that x; (k) gives the date when the transition fires the (k 4 1)*
time and that dater functions are nondecreasing functions, i.e., x;(k + 1) > x; (k). The set
of dater functions is denoted by X, and on ¥ addition, @, and multiplication by constants,
®, are defined as follows:

x,y € X, (x®y)(k) := max(x(k), y(k)),
A€ Zipax, A®@x)(k) = A+ x(k).

Fig.3 (PTEG) with
holding-time-functions of places t 1 b1 t2

p2 13
P1, P2, p3 expressed in the short I] @
form at each place »( :>_’| |
(0021) (1)

(1321)
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GAR(g) GAH(g)
5 A e 5 ®7H1(§)
4l 2 00 e 4 aHs(8)
3 3 A A
2 OR1(¢) 2 o o
14 @ ARS (5) 014 o A
Q—T > £ ‘T—Q—.—.—> 3
1 2 3 4 5 6 1 2 3 4 5 6
(a) Release-time-functions (b) Holding-time-functions

Fig.4 Release-time-function R, R3 and holding-time-functions H1, H3 of places pi, p3

The @ operation induces an order relation on X, i.e,Vx,y € L, x <y & x Py = y.
An operator p : ¥ — X is linear if (a) Vx,y € £ : p(x @ y) = p(x) & p(y) and (b)
A® p(x) = p(h ® x). An operator is additive if (a) is satisfied.

Definition 5 (Cottenceau et al. 2014a) The set of additive operators on X is denoted O. On
the set O, addition and multiplication is defined as follows: x € ¥, Vo, p2 € O,

(p1 ® P2)(x) = p1(x) B p2(x), (p1 ® pP2)(x) = p1(p2(x)).

Multiplication is not commutative, and the set O equipped with ® and & is a non-
commutative complete dioid. The identity operator (unit element) is denoted by e : Vx €
¥, (e(x))(k) = x(k), and the zero operator (zero element) is denoted by ¢ : Vx €
¥, (e(x))(k) = —oo. To simplify notation, we usually write px instead of p(x).

Definition 6 (Basic operators in PTEGs) Dynamic phenomena arising in PTEGs can be
described by the following basic additive operators in O:

c€Z, 85 :VxeX, (8x)k) =xk)+c¢, (10)
veZ, y':Vx e X, (yx)k)=xk—v), (11)
weN, Ay :Vx e X, (Apx)(k) = [x(k)/w]ow, (12)

where [a] is the smallest integer greater than or equal to a.

The identity operator can be expressed as: e = y = 80 = A1. In particular, the A, oper-
ator models a time-variant delay behaviour. For example, consider transitions #; and #, with
associated dater functions x1 and x;. Then, xo = A4x; implies x2(k) = [x1(k)/414,Vk €
Z. Hence, if the (k + 1)*' firing of #; is at time instant x;(k) = 5, the (k + 1)*' fir-
ing of 1, is at xp(k) = 8, and the delay is 3. If the (k + 1)% firing #; is at time instant
x1(k) = 8, the (k + 1)% firing time of #, is at xp(k) = 8, and the delay is 0. Clearly,
this operator is nonlinear as As(A ® x) # A ® As(x). E.g.,, for A = 1 and x(k) = 1
(A4(A @ X)) (k) = T(A + x(k)) /414 =4 # L + [x(k) /414 = 5.
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Proposition 1 The basic operators (10)—(12) satisfy the following relations

58S = (Sg-i—g” yvyu’ _ yv+u” (13)

85 @ 85 = gmax(s.s) y @ yY = pmine) (14)

syl = st Auy! = Ay, (15)

ASS = 8sTE10 A 55 T510, 55 A, = 55510, 551 (16)
AdS A, =81510A,, (17

Proof See Baccelli et al. (1992) for Egs. 13, 14, 15 and Appendix C1 for Egs. 16, 17. O
4.1 Adioid of time operators

Definition 7 (Dioid of T-operators 7) We denote by 7 the dioid of operators obtained
by addition and composition of operators in {e, e, §5, Ay}, with ¢ € Z, and w € N. The
elements of 7 are called T-operators (T is for time).

For example, 83 A48' @52 A3 e T Note that the operator y" is not in 7. A T-operator v
describes the input-output delay occurring in a system and can be represented by a release-
time-function R . The release-time-function associated with v is obtained by replacing x (k)
by & in the expression of v(x)(k), e.g., ((8°A48! ® 82A3)x)(k) = max(3 + [(x(k) +
1)/414,2 + [x(k)/313) and therefore Rysp,s519524,(6) = max(3 + [(§ + 1)/414,2 +
[£/373). A T-operator v is said to be causal if its corresponding release-time-function R, is
causal. Then R, can be realized as a causal holding-time-function associated with a place
in a PTEG. Furthermore we define periodicity for a T-operator as follows.

Definition 8 A T-operator v € 7T is called w-periodic if its corresponding release-time-
function R, satisfies, V& € Z,,qx,

For instance, the A4 operator is 4-periodic and the 82 A3 operator is 3-periodic, but of
course 82Aj3 is not 4-periodic. In general all operators v € T are w-periodic for some
. There is an isomorphism between the set of T-operators and the set of release-time-
functions. The order relation over the dioid T corresponds to the order induced by the max
operation on the release-time-functions. For vy, v, € T,

V> & VD=V & vxDuvx =vx Vx € X,
& (0x)(k) ® (vox)(k) = (vx)(k) Vx € X, Vk € Z,
& Ry (&) = Ry, (§) V& € Zinax. (18)

Clearly, V& € Zpax, Ru(§) = Ry(§) — 1 = Ry-1,(§), furthermore nondecreasingness of
‘R, implies that: V& € Zyax, Ry(§) = Ry(€ — 1) = R 5-1(£), therefore v > 8§~ 1v and
v > v8~ L. This leads to the following equalities for v € T,

v=v@E"H* =" H*. (19)
A simple element in 7 is defined as: §5 A,8° A simple sum in 7 is a finite sum of
simple elements, i.e. EBI.IZO 8% A,; 8% . A simple element §¢ A,,8S corresponds to a release-

time-function: R(§) = ¢ + [(§ + ¢’)/w]w. Figure 5a illustrates the release-time-function
Rs2p,s1 of simple element 82A4871. Because of Eq. 18, the shaded area corresponds to
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A R(E) A R(&)

6 e 6 06 ©° 6

5 A A A A 5 A A A
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20 o e 524,61 2 VL
AlA A A sRsla, 62 11 A Ao A & sR534,

> ¢ ‘—T—. > £
1 2 3 45 6 7 1 2 3 45 6 7

(a) (b)

Fig. 5 a Ryp,51(5) > Ryin,s2(E) V&, ie, 670487 = 8'A462 b 57 A48° and 6°A487" are not
comparable

the domain of T-operators less than or equal to 82A48~ L. Consider now the release-time-
function Rj1 5,52 associated with the operator 8TA4872. Ryia 462 is completely covered
by Rs2p,51 (Rsip,s2 is beneath “in the shade of” Ry24,51 ) and therefore 81A487% <
82A48~!. However, two operators can also be incomparable, e.g., 8573489 ﬁ 89A48~ ! and
83480 % 89A48~!. Therefore we cannot simplify the expression §3A480 @ 8OA4871,
see Fig. 5b.

Note that the representation of a simple element is not unique since, because of Eq. 16, §¢
commutes with the A, operator, i.e., 85 A,85 = 8ST®A,85 ~®. To simplify calculations
we define a canonical form for simple elements. A simple element §5 A8 " can always be

written in canonical form such that —@w < ¢’ < 0. This follows from Eq. 16. We choose

. . . 0+c’ .
this particular form, since, for —w < ¢’ < 0, R(S;Amﬁg, 0) =c¢+ {%-‘ w = ¢. As, in
general Rye, o (§) = ¢ +iw for —¢'+( — Do < & < —¢' + iw, the ordering of two
simple elements 85! A,8¢ ! and 852 Ayd $2 in canonical form can be checked by

Sl ¢! I <4 S1 > 2 and S'{ > S'é,
8T ALSST > 8 Aw“@{org]—wzgz. (20)

Proposition 2 A release-time-function R(£), as given in Eq. 9, can be expressed by an
operator p € T in the following form:
p =8N DN TN, BTN T B .. BT TOALST?

w—1
= "N @@ ALS Q1)
i=1

Proof See Appendix C2. O

Corollary 1 Since H(§) = R(&) — &, the T-operator associated with a holding-time-
function {(nony --- ne,—1) can be obtained by

—1
p = SEOAw817a) @Clésﬁ;Jr(ifw)Awalfi.

i=1
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Proof This follows immediately from n; = n; +1i. O

Recall that the operator p € 7T associated with a causal release-time-function R (&) is
causal.

Example 7 Consider Hj(§) = (0021) given in Example 6. This holding-time-function
corresponds to an operator given by

p =808 @838 @ 5°A47 D 8°A4572,
= 53A48° @ 8%A48 L @ 59A45 2 @ 804873,
=0T A DA DSTE @8 =83 A @ Ay,

because of Eq. 14: 67! @ 672 @ 63 = 6! Respectively, H3(&) = (1321) corresponds
to the operator Ay @ 8' Ay873.

Proposition 3 (Canonical form of an w-periodic T-operator) An w-periodic operator
v € T has a canonical form given by a finite sum: v = EBl-Izl 85 Aw8Si of canonical simple
elements where I is minimal. Furthermore, the simple elements are strictly ordered such
thatVi e {1,--- , I — 1}, ¢i < Gi+1-

Proof Recall the isomorphism between T-operators and release-time-functions. Because of
Proposition 2 the release-time-function R, of operator v € T can be represented by a finite
sum of simple elements in 7. The canonical expression can then be obtained by removing
dominated elements according to the order relation in Eq. 20. O

Remark 1 For a canonical T-operator (Eszl 85 Aw(Sg/), 1 < w.

Remark 2 Note that in the canonical form of v, every basic A operator has the same period
o and therefore v6“ = §“v.

Remark 3 Clearly an w-periodic T-operator is also nw-periodic, with n € N. Thus an w-
periodic T-operator v can be represented as an nw-periodic T-operator. This form can be
obtained by expressing the release-time-function R, of v with a multiple period and then
applying Proposition 2.

4.2 Dioid T*[y1

Since the y operator commutes with all T-operators, see Eq. 15, we can define a dioid of
formal power series in the variable y with coefficients in 7 and exponents in Z. All elements
of this dioid can be written as G}i viy', withv; € T.

Definition 9 (Dioid 7*[y]) We denote by 7 *[y] the quotient dioid in the set of formal
power series in one variable y with exponents in Z and coefficients in the noncommutative
complete dioid 7 induced by the equivalence relation, Vs € T*[y],

s=@h*s =siyhH* (22)

A monomial in 7*[y] is defined by vy", where v € 7. A polynomial is a finite sum
of monomials, i.e., @i v; yl.". Moreover, we call a monomial in 7 *[y] simple, if it can be

@ Springer



Discrete Event Dynamic Systems

written as 85 A,8S V. i.e., if visa simple element in 7. A series s € 7 *[y]| can be written
ass = P,z s(v)y”, where s(v) € T.

Definition 10 Let sy, so € 7 *[v], then addition and multiplication are defined by
s1@52 = P (1) @ 2)y”,

vEZ

S1 ® 82 = @ @ (Sl(n)®52(n,)) y'.

veZ \n+n'=v

As before, @ defines an order on 7 *[[y ], i.e., fora,b € T*[y], a®b=b < a < b.
The quotient structure in 7*[y], given by Eq. 22, is interpreted as a simplification rule
on T*[y]. Given two monomials m; = viy"!, my = vpp*? with vi,v; € 7T then
my > ma, iff v > vy and v; < vy. Consider, for example, the polynomial 82A48~'y! @
81A48_3y7. Because of Eq. 20, 82A48_1 > 81A48_3 (in the dioid 7), the second mono-
mial, 8' A48673y7, is dominated by §2A48 1y, therefore 82A48 1y @ 81A4873y7 =
82 A48 1yl

A series s = @; viy” € T*[y] has a graphical representation in Z2,,, x Z. For
every exponent v; € Z the coefficient v; is represented by its release-time-function R, in
the (input-time x output-time) plane. For instance, recalling that the release-time-function
Rs2p,5-1 Of 82A48~ " is given in Figs. 5a, 6a illustrates the graphical representation of
82A48 Iyt = 82A487 Y @ 82 A48 y? @ 82 A48 y3 @ - - - . For every event-shift value
k > 1 the (input-time x output-time) plane in Fig. 6a shows the release-time-function
Rs2p,5-1- Figure 6b shows the graphical representation of

82A47 Iy @ 83 A48t = (82 A8 Hylyr @ (P ARy

= P,
i

with v; = 82A487 !, fori = 1,2,3 and v; = 8?A487! @ 63A4872 for i > 4. Here
for the event shift values k = 1,2,3 the release-time-function Rs24,5-1 is depicted in
the (input-time x output-time) plane and respectively for event shift values k > 3 the
release-time-function Ry2p ,5-1g534,5-2-

Remark 4 Let us note that, due to Proposition 3 and Remark 3 a polynomial p =
EB{ZI v;y" € T*[y] can always be represented as

1 Ji
p=@ | Pssians |y (23)

i=1 \j=1
In this form, all monomials of the polynomial p have the same period w, J; < w.
Definition 11 (Ultimately Periodic Series in T*[y]) A series s € T*[y] is said to
be ultimately periodic if it can be written as s = p @ ¢q(y'§")*, where v, € Ny

and p, g are polynomials in 7*[y]. Moreover, the asymptotic slope of s is defined by
o(s) =v/t.

Remark 5 Note that a polynomial p = GBZI:I viy™ can be considered as a specific
ultimately periodic series s = ¢ @ p(y°8%)* where v =0 and v = 0.
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Proposition 4 An ultimately periodic series s € T*[[y], s = pEBq’(y"/STI)* has a specific
forms = p @ q(y'8Y)* in which (y'8)* commutes with the polynomial q, i.e., s =
PO qg(ysH* = p @ (y'8%)*q. We call this form commute form.

Proof For s = p @ ¢q'(y”87)*, the polynomial ¢’ can be represented with a com-
mon period w, see Eq. 23. Then we can choose t such that it is a multiple of w, i.e.,
t =1’ = lem(’, w), thus the monomial §* y” commutes with ¢. Now we rewrite (y",é”)*
as Gy 8 = e @y 8T @ --- @y sU=DT)(1V§7)* Finallyg = § ® q'. O

4.3 Operations in the dioid 7*[y 1

When we want to compute the transfer function of a given PTEG, we have to perform
addition, multiplication and the Kleene star operation on series s € 7 *[]. We investigate
these calculations in this section. The product of two simple monomials in 7 *[ ]| with the
same period w is a simple monomial in 7 *[y]. Because of Eq. 17,

561 Aw(gg{yvl ® 8§52 Aw(ggéyvz — 55‘1+f(§{+§2)/0ﬂwAw5§ﬁyv1+V2.
The Kleene star of a simple monomial m = §5 A6 /y“ is an ultimately periodic series in
T*[y] and can be obtained by
m* = e @ AL Y’ BETALSS Y S AL Y D -
= o (slHIoy ) 5,6y 24)
Hence, the Kleene star of a simple monomial in 7*[y’]] can be calculated based on the

Kleene star of a monomial in the dioid M{ [y, 8], as 8[(“?’)/“’]“’)/" is a monomial in
My, 81. Clearly [(¢ + ¢’)/w]w is a multiple of w, therefore

m
! / *
m* =e® 8 AL pY (8[(5"'5 )/“ﬂ“’y”) .

In the following we extend the basic operations (&, ® and *) for simple monomials to poly-
nomials and ultimately periodic series in 7 *[ ]]. The sum of polynomial p; € 7*[y] with

o 12 G_) 12
11 11
10 10
a1 H EY 5"
+ 8 Ly + 8 g
9% %
+~ 7 A - 7 95y
= 6 =% = 6 %
o ST o S
= 4 A += 4 FeZe”%
= 3 A = 3 A
o 2 A1 o 2 A
1 Lt 1 Ll
%% L
=g g%
10 g 10 10 T 10
9 % 9 =% 9
Oy, 8 i O L 7
@Ot 45 K}g\ @12 M
3 3
2 2
1~ 1~
N NS

Fig.6 a graphical representation of §2 A48~ !y ! and b graphical representation of 82 A48~y ! @83 A48~ 2%,
To improve the readability the 3D representations have been truncated to positive values
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period w; and py € T*[[y] with period w; can be obtained by expressing both polynomials
with common period w = Icm(w;, wy) see Remark 4. Then,

L

I Ji , K; ,
PLDpr= @ @391 Awﬁg[f yng D @ @y{k AwSTIk )/W, (25)
=1 k=1

i=1 \j=1
where J; < w, K; < w. The complexity of this operation is O(w(I + L)).

Proposition 5 (Product of polynomials) Ler p; = @il:l v; Y™ with period w| and py =
EBlel U1y Y with period w; be two polynomials in T *[[y ]|, then the product p1 ® p; is again

a polynomial in T*[[y] with period @ = lcm(w], wy). The complexity of the operation is
OQwlIL).

Proof See Appendix C3. O

The domination lemma given in Gaubert (1992) for series in Mf’,’f [y, 81 can be adapted
to series in 7 *[y ] as follows.

Lemma 1 (Ultimate domination) Let s; = §¢! Aw(ngy”‘ (y"18™)* € T*[yl and 55 =
852 Aw8§£y”2 (y"28™)* € T*[y] be two series in the commute form (Proposition 4) with
asymptotic slopes o (s1) = 11/v1 > 0(s2) = T2/vy then there exists a nonnegative integer
K € N such that,

5 A8y (y K 28K ™) (y26™)" < 5. (26)
Therefore, s1 ultimately dominates s».

Proof See Appendix C4. O

Proposition 6 (Sum of series) The sum of two ultimately periodic series si,s2 €
T*[y1 is an ultimately periodic series with an asymptotic slope given by o (s1 ® s2) =
max(o (s1), 0 (s2)).

Proof See Appendix C5. O
Proposition 7 (Product of series) Let 51,52 € T*[y] be two ultimately periodic series,

then the product s\ ® s is again an ultimately periodic series in T *[[y ]| with an asymptotic
slope o (s1 ® s2) = max (o (s1), 0 (s2)).

Proof See Appendix C6. O

Proposition 8 (Kleene star of a polynomial) The Kleene star of a polynomial p € T*[[y ]
(p= @i[:l 851 A, 85 y™"i) is an ultimately periodic series in T*[y].

Proof See Appendix C7. O

Proposition 9 (Kleene star of a series) The Kleene star of an ultimately periodic series
s € T*(y]1 is again an ultimately periodic series in T *[[y]].
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Proof See Appendix C8. O

Moreover, in Appendix C5, C6, C8 it is shown that operations between ultimately
periodic series can be reduced to operations between polynomials. The size of those poly-
nomials (i.e., the number of their constituent monomials) depend of the point K of ultimate
domination of the positive integer introduced in Lemma 1. Hence, complexity of operations
between series also critically depends on this point.

Let us note that the dioid 7*[y ] with periodic time operators is the counterpart to the
dioid £*[[8] with periodic event operators introduced in Cottenceau et al. (2014a). The
dioid £*[[8] is used to model dynamic phenomena arising in Weight-Balanced Timed Event
Graphs (Cottenceau et al. 2014a; Cottenceau et al. 2017).

5 Modelling of PTEGs

We can use T-operators and the event shift operator y to describe the transfer behaviour
of PTEGs. The firing-relation between the two transitions #;, ¢; in Fig. 7 is represented by
Xj = vkyM/? X;, where M,? is the initial marking in place py, v is the T-operator associated
with the holding-time-function H of place pi and x;, x; are the dater functions associated
with f;, t;. Thus, the relation between input, output and internal transitions of a general
PTEG can be modelled by

x = Ax @ Bu, y =Cx, 27)

where x (resp. u, y) refers to vector of dater functions of the » internal (resp. m input, p
output) transitions of the PTEG. The relations between internal transitions are modelled by
the system matrix A € T*[]"*", the relation between input and internal transitions by
the input matrix B € T*[]"*™, and the relation between internal and output transitions
by the output matrix C € T *[y]”>*". This modelling procedure is similar to the modelling
procedure of TEGs in M [y, 81|, see Example 3.

Example 8 Consider the PTEG in Fig. 3 of Example 6. The firing relation between its
transitions can be modelled by the following representation

x=[(A408'A8)y? x84 B Ass™! u,
y=[8"]x

where Aq @ 8'A4873 and §73A4 ® A48~ ! are the T-operators corresponding to Hz =
(1321) and H; = (002 1), see Example 7.

Fig.7 Simple PTEG with
transitions #;, ¢; and place py
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Theorem 2 (Transfer function matrix of PTEG) The input-output behaviour of an m-
input and p-output PTEG, defined by Eq. 27, can be represented by a transfer function
matrix H € T*[y1P*™ of ultimately periodic series in T*[[y]. This transfer function
matrix is obtained by H = C A*B.

Proof Holding-time-functions in PTEGs correspond to causal periodic 7 *[[y ]-operators
(Proposition 2). Note that because of Remark 5 a monomial (resp. polynomial) in 7 *[y]|
can be expressed as an ultimately periodic series. Hence, the entries of the A, B, C matrices
are composed of ultimately periodic series in 7 *[y]. Due to Proposition 6, Proposition 7
and Proposition 9 the sum, product and Kleene star of ultimately periodic series in 7 *[y]]
are again ultimately periodic series in 7 *[[]. Therefore the matrix C A* B is composed of
ultimately periodic series in 7*[y]. O

As indicated above, the entries of the A* matrix are ultimately periodic series in 7 *[y].
The domination point between series depend on their asymtotic slope and therefore on the
circuits of the PTEG, in particular on their marking and time configuration. As argued in
Section 4, complexity of operations on series depend critically on the point of domination
between these series. Hence the complexity of forming an transfer function matrix is criti-
cally affected by the circuits of the PTEG. In Mfrf [y, &1, we have a similar situation, but
without the dependence on a time-variant holding times. Hence, the complexity difference
between the class of TEGs and PTEGs is the multiplication factor related to the period-
icity of time operators A. Finally let us note that in Bouillard and Thierry (2008) more
detailed results on operational complexity are given for the class of network calculus, which
is similar to operations in M{ [y, 8]

Example 9 (Transfer function) Consider the PTEG in Fig. 3 of Example 6. We can describe
the firing relation between input transition #; and output transition #3 by a transfer function
hin T*[y], i.e., y = hu, where

ho=81(8"A4873 @AY T A4 @ Ay~
= o4 ('8 @528 @ (61 A @87 A45 7))
- (5‘ AT @ 8‘2A4) S (51 Ay @ 82A46_1> 2
Y CNCRE Y LN DALY CNT-T I NE R DAL

This transfer function has a graphical representation, see Fig. 8a.

5.1 Impulse response of a SISO PTEG

An impulse is a specific dater function Z(k), see Eq. 5. As in conventional linear systems
theory, the impulse response of a (max, +) linear system provides complete knowledge
of the input-output behaviour, see Baccelli et al. (1992) and the paragraph immediately
following Eq. 5. More precisely, the system’s impulse response equals its transfer func-
tion. In contrast, the impulse response of a PTEG is not sufficient to describe its complete
behaviour, because a PTEG is a time-variant system. Hence, the moment when the impulse
is applied matters. One single impulse gives only partial information. In order to obtain
complete knowledge, we need the system responses of w consecutive time shifted impulses,
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Fig. 8 a transfer function 4 of Example 9. b the gray slice at input time 2 (resp. time 8) (event-shift/output-
time plane) corresponds to the response to an impulse at time 2: §2Z (resp. time 8: 837) of the system
(Example 10)

ie. 8°Z, ¢ € {0,---,w — 1}. Each single response corresponds then to one slice in the
3D representation of the transfer function. The impulse response of a simple monomial
35 A,dS yY is given by

/ T(k — ! !
(agAwag y”I) k) = (ﬁww fo=Tk-v)+ F—Ww +e
w w
=Tk—-v)+ RMAwsg’ (0).
As Z(k —v) = 0 for k — v > 0 and —oo otherwise, the impulse response of a sim-

ple monomial is again an impulse which is event-shifted by v units and time-shifted by
Ricp, e (0) =5+ (%M) units, i.e., 8 A,8S y'Z = 8¢ +1&19) VT For a simple canon-
ical monomial 85Aw8§/, with —w < ¢’ < 0, this reduces to 8§Aw8§/y“I = 85y'Z. The

impulse response of a series s = p @ qr* € T*[y] can be obtained by applying the above
rule to every simple monomial in the p (resp. ¢) polynomial of s.

Example 10 The response of an impulse at time 2 of the system in Example 6 - with a
transfer function given in Example 9 - is (8% @ 8%y2)(y*8%)*Z. This response corresponds
to the slice at input-time 2 (event-shift/output-time plane) in Fig. 8b. The system response
of an impulse at time 8 is ¢ @ 810)/2)()/484)*1 . We can interpret the 3D representation of
a transfer function in 7 *[[y ] as the juxtaposition of its time-shifted impulse responses.

6 Control of PTEGs

In general, the product in a dioid is not invertible. However, with residuation theory it is
possible to find a greatest solution of inequality A ® X =< B. Therefore, this theory is
suitable to solve some model matching control problems for PTEGs. This approach is well
known for TEGs, see e.g., Baccelli et al. (1992).
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6.1 Complete dioids and residuation theory

Residuation theory is a formalism to address the problem of approximate mapping inver-
sion over ordered sets, see Baccelli et al. (1992). Recall that a complete dioid is a partially
ordered set, with a canonical order > defined by a @ b = a < a > b. The infimum, or
greatest lower bound, operator can then be defined by a, b € D,anb = P{x € D |xPa =
a,x ®b=0bj.

Definition 12 (Residuation) Let F and L be partially ordered sets and f : F — L a
nondecreasing mapping. The mapping f is said to be residuated if for all y € L, the least
upper bound of the subset {x € F|f(x) < y} exists and lies in this subset. It is denoted
£%(»), and mapping f* is called the residual of f.

It can be shown (e.g. Baccelli et al. 1992) that, on a complete dioid, the mappings R,
X > xa, (right multiplication) resp L, : x — ax (left multiplication) are residuated. The
res1dual mappings are denoted Ra (b) = bga = P{x|xa < b} (right division by a) resp.
L () = ayp = @Pfxlax =< b} (left division by a). In analogy to the extension of the
product to the matrix case, we can extend left and right division to matrices with entries in
a complete dioid. Since 7 and T *[[ ] are complete dioids, left and right multiplication in
these dioids are residuated.

Lemma 2 Letv € T, then:
ApXy = A,s' ™, VEA, = V81 TCA,,. (28)

Proof To prove Eq. 28, recall that by definition of the residuated mapping, A, v is the
greatest solution of the inequality v > A,x. This greatest solution is given by

Ay = Plu € TIAu < v} = Pu € TIRawE) < Ro() V. & € Zinar).

Therefore, V&€ € Z;,4x
RageE) = max{R, (&) [Ry()/w]ow < Ry(é))

Observe that,

Ru(€) LRu(é)Jz(RU(E)_w+1]

w

where the equality above chain of equivalence follows from the basic properties of the
“floor” and “ceil” operations listed in Appendix B. Consequently

{RU(S)—erl-I
10}

& Wiy = Ays! .

RAwp\v = ®, V& € Znax

The proof for V82w = v8' ™A, is analogous. O
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Proposition 10 Let s € T*[[y], then:

y'&s =y s, sgy” =sy", (29)
55%s = 87 Ss, 5$8° = 587°, (30)
Anks = Ayd' s, 5§Ay = $8 T, 31

Proof For the proof of Egs. 29 and 30, note that the operators 65 and y" are invertible,
since 85675 = yVy ¥ = e. Moreover, for the proof of Eq. 31, recall A dqv = A, ~@v
with v € T (Lemma 2) and wy (€D, viy™) = (B, wiv))y™ ™" with v;, w € T, see

Baccelli et al. (1992) Remark 4.96. Therefore, for a series s = €, viy™ € T*[y], one

has
Aps = Awyoéz(@vi)/"") = (Aw?%vi>)/”i_0 =P ans' vy,
i i i
= A8,
The proof of the second expression in Eq. 31 is analogous. O

Left and right division of a series in 7*[y] by a T-operator can be generalized to left
and right division by polynomials and series in 7 *[[y].

Proposition 11 (Infimum of series) Let s1, s € T*[y] be two ultimately periodic series,

then the infimum s| A sy is an ultimately periodic series in T *[[y]).

Proof The proof is similar to the sum of two series, therefore we only give a brief sketch.
If 0 (s1) = o (s2), then the asymptotic slope of the result is o (s A 52) = o (s1) = o (s2). If
o (s1) > o(s2), then the result is a series with asymptotic slope given by the slope of 57, i.e.
a(sy Asp) =0o(s2). (I
Proposition 12 Let p; and p, be two polynomials in T*[y1, then P2&P1 and P1$P2 are
polynomials in T*[[y ]

Proof

1 ’ J /
Payp1 = <®i=l 5§1iAw8§liynli> X (@/:1 552 Aw8§2jyl12j> ,

with (34) :(a @ b)yx = agx A byx

1 / J /
- AL (e aurm ) s aussi).

because of Proposition 10, (32): (ab)§x = bg(agx) and (17)
I J / /
— =g tH(l—o—ciitsj)/olo §2j 4 M2j—Nli
“ A (69,-:1 5! /a0 55Hms i ) _
The proof for P1¢P2 is analogous. O

Lemma 3 (Baccelli et al. 1992) The greatest fixed-point of T1;(x) = ayx AD (resp. T1,(x) =
xga Ab) jsa*db (resp. bga*),
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Proposition 13 (Left and Right Residuation of Product) Lers; = p1®qi(y’187)*, sp =
P2 ® q2(y2872)* € T*[y] be two ultimately periodic series, then 52851 (resp. $1952) is a
series in T *[[y], if the mapping (¥"28™)&x A (q28s1 Nresp. x@(y"28™) A 51992) )has a fixed
point.

Proof The proof is similar to the proof for the division of series in £*[§]], see Cottenceau
et al. (2014a). Because of Eq. 34, 52851 can be written as

(P2 ® q2(y"28™))&s1 = p2&s1 A (¥"28™)"8(ga8s1).

If ("28™)§x A (g24s1) has a fixed point then 52851 can be expressed as a infimum of a finite
set of periodic series with the same slope, see Proposition 11. O

To obtain the fix point of (¥"?8™)&x A (¢28s1) is a particular method to compute the
residuation of the product of two ultimately periodic series in 7*[y]], for more detail see
also Cottenceau et al. (2014a).

6.2 Model reference control

Model reference control for the case of TEGs was discussed in Libeaut and Loiseau (1996),
Maia et al. (2003), and Hardouin et al. (2018). For the class of PTEG the model reference
control problem is as follows: Given a transfer matrix H describing the input-output relation
of a PTEG and a reference transfer matrix G with entries in 7*[y]. Find the greatest
feedback matrix F with entries in 7 *[y] such that the closed loop transfer matrix in Fig. 9
H,; = (HF)*H =< G. In particular we are interested in the case G = H. This implies
that we seek feedback that delays the firing of plant input transitions as much as possible
without “slowing down” the transfer behaviour. This is often called a neutral “just in time”
policy. As T*[y]l is a complete dioid, the maximal solution of (H F)*H =< H is given by
Fopr = HYH@H  i.e., it has the same structure as for ordinary TEGs.

Example 11 The following example illustrates model reference control for the simple PTEG
of Example 6, with transfer function given in Example 9. For this system, the neutral “just-
in-time” feedback is: fopr = h¥hph = (¥*6H* (A48~ @ 8'A4872)y2 @ 8' A48~ @
8% A4872) y4). Recall the control law u = f,,; y ®v. To realize the feedback f;,,; we rewrite
fopty as

P = f()pty
= ") (AT @8' ATy @ (81 AgsT @8t ALy ] .

v()u I Y

v

F

A

Fig.9 Closed loop structure with an output feedback F
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The former expression is the solution of the following implicit equation
p=[r**]p®[ (A48 @' Ay @ (8" A4 @5 A8y ] .

From this expression we can implement the feedback f,,; by a PTEG as follows:
The feedback has one transition, denoted by 7., associate with the dater-function p.
Because of operator y*8* transition 7. is attached with a self loop, constituted by place
pc1 with 4 initial tokens and a constant holding time of 4 time units. The polyno-
mial (A4871 @ 81A4872)y? @ (81 A48~ @ 8*A48~2)y* describes the influence of the
plant output transition #3 onto the transition 7. of the feedback. Observe that we have
two monomial, therefore we obtain two parallel path between 73 and 7., each with one
place. First (A~ & 81A48_2)y2 is described by the place p., and the arcs (3, p2)
and (p¢2,t.). Because of the exponent of )/2 the place p.» contains 2 initial tokens.
The holding-time-function of p., is determined by the T-operator A48~ @ §'A4672 as
follows:

’Hpc2 (§) = max (RAM*I ), R51A4572 (S)) —é,

o [ 12

=(1022)

Respectively, S'as ' @ 84A48_2)y4 is described by the place p.3 and the arcs (3, pc3)
and (p¢3, t.). Because of the exponent of 7/4 the place p.3 contains 4 initial tokens.
Moreover, the holding-time-function of p.3 is

HPL‘B (é) = max (Ré‘l A48*1 (E)v R54A48*2 (‘i:)) - 57

E—1 E-2
max<1+’77-‘4, 4—{-’77—‘4)—5,

4335)

The controller is is connected to the plant input transition #; via the arcs (z., pc4) and
(pea, t1). Finally, transition t, is associated with the new input v and is connected to the
plant input transition #; via the arcs (#,, py) and (p,, t1). Fig. 10 illustrates the closed loop

ty Po tq p1 to P2 t3

Fig. 10 Closed loop system
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system. The feedback keeps the number of tokens in places pj, p> as small as possible,
while the throughput of the system is preserved.

7 Conclusion

In this paper, we have introduced an extension of TEGs called Periodic Time-variant Event
Graphs, where the holding times vary periodically over time. These time-variant systems
allow to model particular time phenomena such as traffic light control, for which we need
to describe varying waiting times. We show that the transfer behaviour of these systems
can be modelled by ultimately periodic series in a dioid denoted 7 *[y]. These transfer
functions are useful for performance evaluation and controller synthesis of PTEGs. In this
paper, we have focused on fundamental results and simple examples that illustrates our
theoretical results. In future work, we aim at applying the obtained results to more
complex systems. For this purpose, the software tools ETVO has been developed (Cot-
tenceau et al. 2019).

The class of PTEGs can be seen as the counterpart of Weight-Balanced Timed Event
Graphs (Cottenceau et al. 2014a). In future work, we also aim at combining the results for
PTEGs with the results for WBTEGs in a comprehensive modelling formalism. This would
allow to describe a class of periodic time- and event-variant discrete event systems with a
common set of algebraic tools.

Appendix A: Formula of residuation

In a complete dioid, the following formula hold for the residuation of left and right
multiplication see Baccelli et al. (1992, Chap.4).

(ab)kx = bx(akx)  xp(ba) = (xpa)p(b) (32)
(akx)pb =ax (xpb)  aX(xpb) = (akx)¢b (33)
(a®b)yx = (akx) A (bRx)  xf(a ®b) = (xpa) A (x$D) (34)

Appendix B: Formula for floor and ceil operations (Graham et al. 1989)
For x € R,
| x]] = Lx], [Mx11 = [x].

Forx e R,m € Zandn € N,

][22, o] e,

FOI‘mGZandnEN,
m m—n+1 m m4n—1
n n n n
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Appendix C: Proofs
C.1 Proof of Proposition 1 (relations between T-operators)

Letusrecallthaty € R, Vn € Z, [y+n] = [y]+n. To prove Eq. 16, because of Definition
6,Vx € X,

(Au8°x) (k) = P(k)%—‘ o= {% +2 4 (ﬂ - Eﬂ w

w w

_ [5]w+ (x(k)+§—wf(§/w)1—‘w
w

@

_ (5(%1%0)3;—(%1%) ).
Second,

(85 Awx) (k)

Il
n
+
- 1
=
s |3
— 1
S

c=[E)os [E]o+ "2

. E“w_i_ P(k)+ f;/uﬂw-‘w

(0]

- (55—f%1wAwa%1wx) (k).

To prove Eq. 17, note that [(a + ¢)/w]w = [¢/w]w + [(@ + ¢ — w[¢/w])/®w]w, and
therefore

(Aw8° Apx) (k) =

_ {g]erH@"‘Jr g—wfg/aﬂ"‘w
w w w

since: [x(k)/w] € Z and —1 < (¢ — w[¢/w])/w < 0, finally,

(A€ Agx) (k) = [ﬂ o+ [@—‘ ®= (M%Wwa) (k).

w

Px(k)/aﬂw + §—‘
IPRVOIOTS
w

C.2 Proof of Proposition 2 (operator representation of a release-time-function)

First recall that release-time-functions are nondecreasing. Hence, in Eq. 9, n,—1—® < ng <
ny <--- <ne—1 < ng+ w. Moreover, recall that the release-time-function Rag A se' (§) of

an operator §° ApSS is defined by
Rien,se &) = 6 + (€ + &) /wlo,
where & = x (k) is a date. Thus, R, associated with Eq. 21 is
RpE) = max(ng + [(§ — (0 — D) /w]o,ni — o+ [§/w]o,
el — o+ [ — (0 - 2))/w]w). (35)
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We can evaluate the expression Eq. 35 for all dates &. If we choose & = jw, Vj € Zpyay,
we have

Rp(jow) = max(ng + [(jo — (0 — ) /o]o,ni — o+ [jo/olo,
Mol —0+ [(jo— (0 —2))/w]w)
= max(ng + jo,n| —w+ jw, - 0y — 0+ jo)
=no+ jo.

Similarly Vi = {1, -+ , (w — 1)},

Rp(i + jo) = max(ng + [( + jo — (0 — 1)) /w]o,
n—ow+ i+ jo)/olo,
Ml —o+ [+ jo— (0 —2)/o]w)
=n+[({+jo—(0-1)/olo=n;+ jo.

Hence we have shown that,

no+wj ifé =04 wj,
n+oj ifé&=1+4wj,
Rp) = :
Ny—1+wj ifé =(w-—1)+ wj.
C.3 Proof of Proposition 5 (product of polynomials)

Due to Eq. 23 p; = EB{ZI viy" and py = G}f:l U7y” can be expressed with a common
period w = lem (w1, w2):

K

’ L /
o= @ (@59-_]_ Awég"-/)y”", by = @ (@5% Aw(STIk)yvz
=1

i=1  j=1 k=1

Then the product is obtained by

d / L K,
nom = (@ (@) ) (B (o))
=l = I=1 k=l
1 L K /
= @@ <<@8§’J Ay 85-4 )(@8”" Awaflk)>yn,-+ul
i=1 [=1 = k=1
1 L J K
(s
i=11=1 " j=1k=1

1

L K; , ,
S%) <€B €B8“/”‘giﬁ”k”””"’Awa”k)V”f*“f,

=1 I=1 " j=1 k=1

with J; < w, K; < w and complexity OQwIL).
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C.4 Proof of Lemma 1 (ultimate domination)

Recall that (y"87)*85 A,85 = 85 A,85 (y"87)* (Proposition 4, therefore 7 = kjw, k; €
N (resp. 2 = krw, ko € N) and inequality Eq. 26 can be expressed by

@ 5§2+j12Aw5§§yn2+jv2 < @5§1+ifl Aw(Sg{y”‘H”‘.

jzK iz0
It exists a positive integer K such that inequality Eq. 26 holds, if and only if x € N, Vx >
K, 3y € N such that

55282 A,8% < 8T8 ALSST; ny + xvy > ny 4 yvy. (36)

Since §°! Awb‘gf and §%2 Awégﬁ are assumed to be canonical monomials then gi < w and
¢, < w. Furthermore, since s; is in the commute form 7; is a multiple of w and therefore
71 + g1 > ¢5. We can now rewrite Eq. 36,

55282 A,8% < §OTDTSSIA LSS ny 4 xvy > ny + yuy
& otxn =g+ (y— Dt na+xv=n+yv
G2t+xn—61+1 <y< n2+xv2—n1.
T] Vi

Such an integer y € Z exists, if

ny+xv;—np +xn—¢+71
V1 71 '

1<

This holds for a sufficiently large x, given by

2 _ _
e :[ V1T +v1(s2 — 1) + T (ng nz)—‘.

T1V2 — ToV)

In addition y has to be positive, which is guaranteed, if x > K, = [(n] — n3)/v3]. Hence,
we can give an upper bound for K in Eq. 26, i.e., K = max (0, K1, K»).

C.5 Proof of Proposition 6 (sum of ultimately periodic series)

We distinguish two cases first: o (s1) = o (s2). By defining N = lcm (v, v2) = kjv; = kavo
and T = kjt; = ka2, then (V18™)* and (y28™)* can be written as
qi (')/NST)* — (e @ yV18T1 @ . @ y(k]fl)vl8(1{171)'[1)(yklvl(skl'fl)>‘.<7
qé(yN(ST)* — (e @ yv25r2 @ . @ y(kz—l)vz8(1{2—1)1.’2)(]/]{21)28]{21’2)*.
Thus the sum can be written as: s1 @ 52 = p1 @ p2 ® (q19] D q2q5) (¥ 8T)*.
Second, o (s1) > o (s3). Note that series s, s can be expressed with a common period
thus one can write,

1 , _
s1@52 = p1®pr @D, 57 ALy (15T
® @;:1 552 Awggﬁj Y2 (ykzvzgfz)*‘

Due to Lemma 1, we can show that s; @ s> is ultimately dominated by s7.
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C.6 Proof of Proposition 7 (product of ultimately periodic series)

Recall that s; and s, can be expressed in the commute form, Proposition 4. Then product of
two series s1 = p1 ® q1(¥"18™)* and 55 = pr ® (y28™)* ¢ can be written as

51 ®52= p1p2® p1ga(¥2872)* @ paqi (¥ 87)* @ q1(yV' 8T)* (¥ 28™) qa.

Clearly, p1 p> is a polynomial (Proposition 5). (yV18™)*(y"28™)* = (yV18™ @ y2872)* =
s3 is an ultimately periodic series in M{ [y, 8], therefore it is also a series in 7 *[] and
q153q2 = 53 as well. p1ga(y¥28™)* = § (resp. pagi1(y"18™)* = §1) are two series in
T*[y]. Finally we have a sum p| p» ® §| & §» @ 53 of ultimately periodic series in T *[¥ ],
Proposition 6 Appendix C5.

C.7 Proof of Proposition 8 (Kleene star of a polynomial)

We first investigate a particular case, in which the star of a series in 7 *[[y]| can be calculated
similarly to the star of a simple monomial in 7*[y], see Eq. 24. Consider the following
series s € T *[y] where w.lo.g. T is a multiple of w, see Proposition 4 commute form,

1 J
s =SA,6¢ = (@y"u@g“ ® @D "5 (67" ) AubS
i=1 j=1

where S= P & Q(y"8™)* € M& [y, 1. The product ss can be written as
(P® 0(r"69))Au8S (P & Q(r'67)") AusS
= SAL8S PALSS @ 8SAL85 Q1 87)*) ApdS

since, A, (y'8Y)* = (y"8")* A,
= SAL8S PALSS @ 8(1"67)* AwdS QALSS

due t0 (17), ApdS PAy = P' Ay, AwdS QAy = 0'Ay
=8P’ ® Q' (y"86)")AwdS = 88A,8¢

SSs

where S = P/ @ Q' (y"87)* € My, 81 is a series given by

! J
S' = @ ynli(gf(§1i+§/)/w'|w ® @ )’nz/S[(52.i+§/)/w'|w(yv6r)*.
i=1 =1

The star s* is an ultimately periodic series in 7 *[y ], which can be obtained by

$* = e @ SALSTD SALES SALSS B SALSS SALSS SALS D -
S8A,88 582785
e® S*SALS =ed §*s. 37
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Second, a polynomial in 7*[y] can be partitioned into a sum of sub-polynomials in the
following form

S
|

! V1i §S1i / V2j 562 -1
(B 7o) awe (), rowr) 2! -
fas) @K vakaga)k A 51_5')

k=1 w ’

w—1
D, p=r®p® @ por.

where, pj = @, y"85 A,8~". Since (a @ b)* = (a*b)*a*,

k
pr= ((po OO pw—Z)*pa)—l) (Po® -+ ® po—2)™.
~— —
Pw-2 Po-2
Let us define by p; := po @ - - - @ p;, thus we can write the star p; in a recursive form
b = (Pieip)” Py (38)

When we choose / = 1 we obtain pj = (pf;pl)* Py since po = po = G}i[:l YyYLESTiA,.
Due to Eq. 37, pj is given by

1 . X * 1 . .
Pi=c® <@i:1 yv,arg,/ww) @le YIS A,,.

So

This star can be rewritten as p(’; =e®d (S‘O)Aw where S'o is a series in ./\/lf‘,f [y, é1. The
product pj p1 is ultimately periodic series in 7 *[']), since

= J . ) _
Pop1 = (@ (50)Aw) (@j=1 Y ¥ 85 Ay 1) :
J o I J o B
®j:1 yv2/5§21 A,d 1 @D SoA, <®j:1 J/1)218§21 ALS 1) ,
@J Y289 @ So @J )/"2.7'5T§2j/w]w A 51
Jj=1 Jj=1 en

= Sp1A,871,

where So; is again a series in My, 811 Therefore, the star (p§p1)* can be calculated
by using Eq. 37. It is an ultimately periodic series 7*[y]. Then pj = (pj§p1)*pg is the
product of two ultimately periodic series in 7 *[y], see Proposition 7 Appendix C6. In a
similar way with p] we can solve successively the recursive Eq. 38 Vi € {1,--- ,w — 1}.

C.8 Proof of Proposition 9 (Kleene star of an ultimately periodic series)
Recall that for r = (y"87), qr* = r*q, Proposition 4. The star of ultimately periodic series

can be rewritten as a star of polynomials s* = (p @ gr*)* = p*(qr*p*)* = p*(q(r ®
P = p*e®qlg ®r ® p)*), Baccelli et al. (1992).

@ Springer



Discrete Event Dynamic Systems

References

Amari S, Demongodin I, Loiseau JJ, Martinez C (2012) Max-plus control design for temporal constraints
meeting in timed event graphs. IEEE Trans Autom Control 57(2):462-467. https://doi.org/10.1109/TAC.
2011.2164735

Baccelli F, Cohen G, Olsder G, Quadrat J (1992) Synchronization and linearity: an algebra for discrete event
systems. Wiley, New York

Bouillard A, Thierry E (2008) An algorithmic toolbox for network calculus. Discret Event Dyn Syst 18(1):
3-49

Brat GP, Garg VK (1998) A (max,+) algebra for non-stationary periodic timed discrete event systems. In:
Proceedings of the 4th international workshop on discrete event systems (WODES), pp 237-242

Cofer DD, Garg VK (1993) A generalized max-algebra model for performance analysis of timed and untimed
discrete event systems. In: American control conference 1993, pp 2288-2292

Cohen G, Gaubert S, Nikoukhah R, Quadrat JP (1991) Second order theory of min-linear systems and its
application to discrete event systems. In: Proceedings of the 30th IEEE conference on decision and
control, vol 2, pp 1511-1516. https://doi.org/10.1109/CDC.1991.261654

Cottenceau B, Hardouin L, Boimond JL (2014a) Modeling and control of weight-balanced timed event graphs
in dioids. IEEE Trans Autom Control 59(5):1219-1231. https://doi.org/10.1109/TAC.2013.2294822

Cottenceau B, Lahaye S, Hardouin L (2014b) Modeling of time-varying (max,+) systems by means of
weighted timed event graphs. In: 12th IFAC-IEEE Int. workshop on discrete event systems (WODES.
Paris

Cottenceau B, Hardouin L, Trunk J (2017) Weight-balanced timed event graphs to model periodic phenomena
in manufacturing systems. IEEE Trans Autom Sci Eng 14(4):1731-1742

Cottenceau B, Hardouin L, Trunk J (2019) (event and time variant operators). http://perso-laris.univ-angers.
fr/cottenceau/etvo.html

David-Henriet X, Raisch J, Hardouin L, Cottenceau B (2014) Modeling and control for max-plus systems
with partial synchronization. In: Proceedings of the 12th IFAC-IEEE international workshop on discrete
event systems (WODES), Paris, pp 105-110

David-Henriet X, Raisch J, Hardouin L, Cottenceau B (2015) Modeling and control for (max, +)-linear
systems with set-based constraints. In: IEEE International conference on automation science and
engineering (CASE), pp 1369-1374. https://doi.org/10.1109/CoASE.2015.7294289

Declerck P (2013) Discrete event systems in dioid algebra and conventional algebra. Wiley

Gaubert S (1992) Théorie des systemes linéaires dans les dioides. Ph.D. dissertation (in French). Ecole des
Mines de Paris, Paris

Gaubert S, Klimann C (1991) Rational computation in dioid algebra and its application to performance
evaluation of discrete event systems. In: Algebraic computing in control. Springer, pp 241-252

Graham RL, Knuth DE, Patashnik O (1989) Concrete mathematics: a foundation for computer science.
Addison-Wesley Longman Publishing Co., Inc., Boston

Hardouin L, Le Corronc E, Cottenceau B (2009) Minmaxgd a software tools to handle series in (max, +)
algebra. In: SIAM conference on computational science and engineering, Miami

Hardouin L, Shang Y, Maia CA, Cottenceau B (2017) Observer-based controllers for max-plus linear
systems. IEEE Trans Autom Control 62(5):2153-2165. https://doi.org/10.1109/TAC.2016.2604562

Hardouin L, Cottenceau B, Shang Y, Raisch J (2018) Control and state estimation for max-plus linear
systems. Found Trends Syst Control 6(1):1-116. https://doi.org/10.1561/2600000013

Heidergott B, Olsder G, van der Woude J (2005) Max plus at work: modeling and analysis of synchronized
systems: a course on max-plus algebra and its applications (Princeton Series in Applied Mathematics).
Princeton University Press

Lahaye S, Boimond JL, Ferrier JL (2008) Just-in-time control of time-varying discrete event dynamic systems
in (max,+) algebra. Int J Prod Res 46(19):5337-5348. https://doi.org/10.1080/00207540802273777

Libeaut L, Loiseau JJ (1996) Model matching for timed event graphs. IFAC Proc Vol 29(1):4807-4812.
https://doi.org/10.1016/S1474-6670(17)58441-4. 13th World Congress of IFAC, 1996, San Francisco
USA, 30 June - 5 July

Maia CA, Hardouin L, Santos-Mendes R, Cottenceau B (2003) Optimal closed-loop control of timed event
graphs in dioids. IEEE Trans Autom Control 48(12):2284-2287

Schutter BD, van den Boom T (2001) Model predictive control for max-plus-linear discrete event systems.
Automatica 37(7):1049-1056. https://doi.org/10.1016/S0005-1098(01)00054-1

Trunk J, Cottenceau B, Hardouin L, Raisch J (2018) Model decomposition of timed event graphs under par-
tial synchronization in dioids. IFAC-PapersOnLine 51(7):198-205. https://doi.org/10.1016/j.ifacol.2018.
06.301, 14th IFAC Workshop on Discrete Event Systems WODES 2018

@ Springer


https://doi.org/10.1109/TAC.2011.2164735
https://doi.org/10.1109/TAC.2011.2164735
https://doi.org/10.1109/CDC.1991.261654
https://doi.org/10.1109/TAC.2013.2294822
http://perso-laris.univ-angers.fr/ cottenceau/etvo.html
http://perso-laris.univ-angers.fr/ cottenceau/etvo.html
https://doi.org/10.1109/CoASE.2015.7294289
https://doi.org/10.1109/TAC.2016.2604562
https://doi.org/10.1561/2600000013
https://doi.org/10.1080/00207540802273777
https://doi.org/10.1016/S1474-6670(17)58441-4
https://doi.org/10.1016/S0005-1098(01)00054-1
https://doi.org/10.1016/j.ifacol.2018.06.301
https://doi.org/10.1016/j.ifacol.2018.06.301

Discrete Event Dynamic Systems

Publisher’s note  Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Johannes Trunk was born in 1985. He received the Master degree
in Electrical Engineering from the Technische Universitit Berlin,
Germany, in 2014. He is currently a PhD student at both the Tech-
nische Universitidt Berlin and the Université d’Angers, France. His
research interests are modeling and control of discrete event sys-
tems with applicationsto transportation networks, computer networks
and manufacturing systems. His PhD is supported by the Université
franco-allemande/ Deutsch-Franzosische Hochschule.

Bertrand Cottenceau was born in 1973. He received the Ph.D.
degree, in 1999, and the Habilitationa Diriger des Recherches, in
2015, from the University of Angers, France. He is currently an Full
Professor at the University of Angers. His research interests include
modeling, simulation and control of timed discrete event systems with
applications in manufacturing systems and computer networks.

Laurent Hardouin was born in 1967. He received the Ph.D degree
from the University of Poitiers, France, in 1993, and the Habilita-
tiona Diriger des Recherches from the University of Angers, France,
in 2004. He is currently a Full Professor of dynamic systems, com-
puter engineering, computer networks at the University of Angers. He
specializes in discreteevent systems, max-plus algebra, interval analy-
sis, with applications to computer networks, manufac-turing systems,
transportation systems and robotics.

@ Springer



Discrete Event Dynamic Systems

@ Springer

Joerg Raisch received the Dipl.-Ing. degree in engineering cybernet-
ics, the Ph.D. degree, and the “habilitation” from Stuttgart University,
Stuttgart, Germany. Since 2006, he has held the Chair of Control
Systems in the Department of Electrical Engineering and Computer
Science, Technische Universitit (TU), Berlin, Germany. His main
research interests are hybrid and hierarchical control, and control of
timed discrete-event systems in tropical algebras, with applications in
chemical, medical, and power systems engineering.



	Modelling and control of periodic time-variant event graphs in dioids
	Abstract
	Introduction and motivation
	Timed event graphs and dioids
	Timed event graphs
	Dioid theory
	Dioid Minax [[ ,]]

	Periodic time-variant event graphs
	Introduction of timing operators
	A dioid of time operators
	Dioid T* [[ ]]
	Operations in the dioid T* [[ ]] 

	Modelling of PTEGs
	Impulse response of a SISO PTEG

	Control of PTEGs
	Complete dioids and residuation theory
	Model reference control

	Conclusion
	Appendix:  A: Formula of residuation
	Appendix B: Formula for floor and ceil operations Graham:1989:CMF:89657
	Appendix:  B: Formula for floor and ceil operations Graham:1989:CMF:89657
	Appendix C: Proofs
	Appendix:  C: Proofs
	C.1 Proof of Proposition 1 (relations between T-operators)
	C.2 Proof of Proposition 2 (operator representation of a release-time-function)
	C.3 Proof of Proposition 5 (product of polynomials)
	C.4 Proof of Lemma 1 (ultimate domination)
	C.5 Proof of Proposition 6 (sum of ultimately periodic series)
	C.6 Proof of Proposition 7 (product of ultimately periodic series)
	C.7 Proof of Proposition 8 (Kleene star of a polynomial)
	C.8 Proof of Proposition 9 (Kleene star of an ultimately periodic series)
	References


